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1 Semisimplicity 



1.1 Representations 

Let G be a group (either a Lie group or a discrete group). 

A representation of G consists of a finite-dimensional complex vector 
space V along with a group homomorphism G — > GL{y). 

In the case where G is a Lie group, then we ask that the map G —>■ GL{V) 
be a smooth map. This is equivalent to asking that for allv eV and a eV*, 
the matrix coefficient 

G^C g^{a,gv) 

is a smooth (complex-valued) function on G. 

A morphism 4> of between representations 1^ is a linear map 4> : V ^ 
W such that for all 5 G G and v & V, 4>{gv) = g(j){v) (this condition is called 
G-equivariance). The vector space of all morphism from to is denoted 
HomG(F,VF). 

If y is a representation, we can form its dual representation V* . The 
action of G on V* is given by {ga,v) = {a,g~^v) ior g e G,a E V*,v G V 
(here (, ) denotes the canonical bilinear pairing between V* and V. 

If V, W are representations we can form their direct sum V © W. The 
action of G on y © is given by g{v, w) = {gv, gw). 

If y, W are representations we can form their tensor product V®W. The 
action of G on y © W is given on elementary tensors by g{v © iv) = gv® gw. 

So we can "add" representations and "multiply" them. This suggests 
that the representations of G form a kind of ring. In fact, we can define a 
ring Rep{G), called the representation (or Grothendieck) ring, as follows. 

We start with the free Z-module with basis given by the isomorphism 
classes [V] of representations V of G. Then we quotient by the relation 
[V®W] = [V] + [W] . Then we define multiplication by [V] [W] := © W] . 

Example 1.1. Suppose that F is a 1-dimensional representation of G. Since 
linear operators on 1-dimensional vector spaces are just given by multi- 
plicatin by scalars, V is determined by a (smooth) group homomorphism 
p : G ^ C^. So we will write V as Cp. 

Note that if pi, /92 are two such homomorphisms, then Cp^ ©Cp2 is again a 
1-dimensional representation and is given by the homomorphism pip2 which 
is defined by {piP2){g) = Pi{g)P2{g)- 

1.2 Irreducibles and indecomposables 

We have two different notions of simplest possible representations. 
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A representation which is not isomorphic to a direct sum is called inde- 
composable. 

A subrepresentafAon C ^ is a subspace which is invariant for the 
action of all elements of G. A representation with no non-trivial subrepre- 
sentations is called irreducible. 

Note that irreducible implies indecomposable, but not the other way 
around in general. 

Example 1.2. Consider G = Z. A representation of Z is the same thing as a 
vector space V along with an invertible linear operator T :V V (the map 
Z GL{V) is n 1-^ T"). A subreprescntation is just an invariant subspace 
for r. It is well-known from linear algebra that for non-diagonalizable T, 
not every invariant subspace has a complementary invariant subspace. 
For example, consider 

y = C^ T = 

Then {(x, 0) : x £ C} is the only invariant subspace, and hence it does not 
have a complementary invariant subspace. 

We have Schur's Lemma. 

Lemma 1.3. IfV,W are irreducible representations, then Homo {V,W) is 
1- dimensional ifV = W and 0-dimensional otherwise. 

The following simple result is useful for constructing irreducible repre- 
sentations. 

Proposition 1.4. (i) IfV is an irreducible representation, then so is V* . 

(a) If V is a 1-dimensional representation, then it is irreducible. 

(Hi) IfV is an irreducible representation and W is a 1-dimensional repre- 
sentation, then V is an irreducible representation. 

All parts follow immediately from the definitions. 

In general, if V, W are irreducible representations, each of dimension 
bigger than 1, then V i^W will almost never be irreducible. 



1 1 
1 
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1.3 Haar measure and semisimplicity 

Let G be a compact connected Lie group. 

Theorem 1.5. There exists an invariant (under right and left multipli- 
cation) measure dj on G. This measure is unique once we demand that 

/g * = 1- 

The existence of this measure (called the Haar measure) allows us to 
prove that the category of representations of G is semisimple. 

We begin with invariant inner products. A G-invariant inner product on 
a representation V is a Hermitian inner product (, ) on V (i.e. a positive 
definite sesquilinear form) such that {gv, gw) = {v, w) for all v,w e V and 

geG. 

Lemma 1.6. Every representation V ofG admits an G-invariant Hermitian 
inner product. 

Proof. Choose an Hermitian inner product (, ) on V. We average this form 
with respect to the G action by defining (, )avg by the formula 

{v,w)avg = / {gv,gw) dg 
Jg 

Then the invariance of the Haar measure shows that (, )avg is invariant. 
The integral of positive numbers is positive, so (, )avg is positive definite. □ 

If G is a finite group, then the above Lemma goes through by replacing 
the integral with |^ YlgeG- i&ct, this is a kind of Haar measure on G, 
which is just a point measure. 

For the remainder of this section, we assume that G is either connected 
compact or finite. (Of course, we could take G compact, which would cover 
both these cases, but it is psychologically better to think of them as two 
separate cases.) 

Let y be a representation of G. A subspace C is called an invariant 
subspace if gW C W for all g G G. An irreducible representation is one with 
no non-trivial invariant subspaces. 

Proposition 1.7. IfW is an invariant subspace, then there exists another 
invariant subspace U such that U (BW = V . 

Proof. Choose a G-invariant inner product. Let U = W-^, where the or- 
thogonal complement is taken with respect to the G-invariant inner product. 
Then by the invariance of the inner product, U is also an invariant subspace. 
By general results U (BW = V. □ 
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This immediately implies the following result. 

Theorem 1.8. Every G -representation is equal to a direct sum of irreducible 
subrepresentations. Equivalently, a representation is indecomposable iff it is 
irreducible. 

In light of this theorem, we say that every G-representation is completely 
reducible and that the category of G-representations is semisimple. (A con- 
fusing point: this is not the same thing as G being semisimple.) 

Example 1.9. This result certainly fails for non-compact groups. For ex- 
ample, if G = Z, then the Example 1.2 gives an example of representation 
which is not isomorphic to a direct sum of irreducible representations. 

Every G-representation cannot be canonically written as the direct sum 
of irreducible subrepresentations. However, it can be canonically be written 
as a direct sum of isotypic components. 

Let F be a representation and let W be an irreducible representation. 
The W-isotypic component of V , denoted Vw-, is the sum of all subrepre- 
sentations isomorphic to W . The following result gives the isotypic decom- 
position of V . 

Theorem 1.10. For each irreducible representation W , there is a canonical 
isomorphism of G-representations Vw = W ® HomG(W, V). 
We have 

V = @Vw 

w 

where W ranges over all isomorphism classes of irreducible representations. 

Example 1.11. Take y = with the trivial representation (G is arbi- 
trary) . Then wc can write as a direct sum of irreducible representations 
by picking any two 1-dimensional subspaces 1/1,-^2- These lines Li , L2 will 
be subrepresentations and carry the trivial G-action. So = Li © L2 is 
a decomposition of into irreducible subrepresentations. However, this 
decomposition is of course not unique. 

In the isotypic decomposition of C^, there is just one piece, namely 
itself. 

If is a 1-dimensional representation, then Vw is very easy to under- 
stand. As remarked earlier, W determines a homomorphism p : G ^ 
and then 

Vw = {v ^V : gv = p{g)v for all g G G}. 
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If W is the trivial representation, then Vw = V is the subspace of vectors 
invariant under G. 

To prove Theorem 1.10, we begin with the following useful results. 

Lemma 1.12. Let W be an irreducible representation and let V be a vector 

space. Define a representation W f^iV where G acts on the W part. Then 
every subrepresentation ofW^Visof the form W <SiU for some .subspace 
U C V. In particular, every irreducible subrepresentation of W V is 
isomorphic to W. 

Proof. Let Y C W iSi V he an invariant subspace. For each a G F* , define 
a linear map 

Pa-.Y W 

Since W is irreducible, PaiY) = or Pa(Y) = W for all a. 

Then let A = {a : Pa{Y) = 0} C V* . We leave it to the reader to verify 
thatY = W(g)A-^. □ 

Proof of Theorem 1.10. We start with the first part. 

First, we consider W ® HomG(VF,l/) a G- representation where G acts 
trivially on Homc!(W, V). We define a linear map 

^ -.W ® HomG(M^, V) —^V, by It; (g) 1-^ <P{w)- 

This linear map is easily seen to be G-equi variant, so it is a morphism 
of G-representations. 

By definition, im^' = Vw- Now we claim that ^ is injective and hence 
an isomorphism onto Vw- 

The kernel X of ^' is a subrepresentation oi W ® HomG(VF,F). Ap- 
plying Lemma 1.12, K is W ® U for some U C HomG(iy, F). But if 
G HomG(VF, F) and W ® (f) lies in the kernel of then (t>{w) = for 
all w ^ W. This means that (f) = 0. Hence we conclude that K = and so 
this map is injective. 

Now, to get the direct sum decomposition, we note that by Theorem 1.8, 
the sum of the subspaces Vw equals V. 

We just need to show that we have a direct sum. For this, let Wi, . . . , 
be pairwise non-isomorphic irreducible representations and suppose that we 
already know that Vwi, - - - , VWk-i give a direct sum. Suppose that 

WknVw,®--- Vwk., 7^ 0. 

Then let U be an irreducible subrepresentation of this intersection. Applying 
the first part and Lemma 1.12, we see that U = Wk. On the other hand 



7 



for each i = 1, . . . , k — 1, we can take the projection 7ri{U) C given by 
the direct sum. Not all these projections can be 0, so let us assume that 
TTi(U) 7^ 0. Then U = TTi{U), since U is irreducible. On the other hand, 
7rj([/) is an irreducible subrepresentation of and so we conclude that 
U = Wi- Thus VFfc = Wi, a contradiction. Thus we conclude that we have 
a direct sum. □ 

Let V a representation and consider the isotypic decomposition 

w 

In the representation ring Rep{G), we sec that [V] = dim Home (T'F, ^)[^]- 
From this we see that the isomorphism classes [W] of irreducible represen- 
tations forms a Z-basis for Rep{G). 



2 Characters 

2.1 Definition and basic properties 

If y is a representation of G, then we define a smooth function xv '■ G ^ C 
called the character of V by Xvid) = tr(5(|v), where tr denotes trace. 
These characters are remarkably useful. 

Let us investigate the behaviour of our characters under natural opera- 
tors on representations. 

Proposition 2.1. (i)IfVisa representation, then Xv*{9) = Xv{9)- 

(a) IfV,W are representations, then xv®w = Xv + Xw- 

(Hi) IfV,W are representations, then xV(giW = XvXw- 

Proof. For (i), note that Xv*{9) = if{9^^\v)- Now V admits a G-invariant 
inner product and with respect to that inner product, G acts by unitary 
operators. Hence tr{g~^\v) = tr{g)\v- 

Parts (ii), (iii) follow from standard properties of trace and can be proved 
by choosing bases. □ 

Hence the map 

Rep{G)^C{G) [V]^xv 
is a ring homomorphism. 
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2.2 Characters and Horn spaces 

We begin with the foUowing lemma. 
Lemma 2.2. dimT^*^ = jQXv{9)4j 

Proof. Define a hnear operator A : V ^ V hj A{v) = jQgvAj. A is 
weh-defined since G is compact, matrix coefficients are continuous, and con- 
tinuous functions on compact sets are integrable. 

Note that = A, so that A is a projection operator onto {v : Av = v}. 
We claim that this subspace is precisely V'^. Clearly V*^ is contained in this 
subspace. 

Suppose that Av = v. Applying h to both sides and bringing it under 
the integral, we obtain 




Using the invariance of the measure, we obtain that j^gv dg = hv which 
implies that v = hv, as desired. 

Hence, we conclude that ^ is a projection onto its 1-eigenspace V*^ 
(actually, it is easy to see that A is G-equivariant, so it must be the projection 
given by decomposition into isotypic components). 

Since jQXv{g) = *^(^)) the result follows. □ 

Characters live inside the space C{G) of continuous functions on G, 
which embeds into the Hilbert space L'^{G) of square integrable complex 
valued functions on G. On this Hilbert space, we have a inner product 

(/i,/2) := / h{9)f2{g)dg. 
JG 

Lemma 2.2 leads to the following useful interpretation of the inner prod- 
uct on characters. 

Proposition 2.3. Let V, W be representations. Then {xv, Xw) = dimHomG'(y, W). 

Proof. First note that Hom(y, W) is a representation of G where G acts by 
{g(t>){v) = g(j){g^^v). The space of invariants for this action is HomG'(y, W). 
As a representation of G, we have an isomorphism Hom(y, W) = F* W. 

By Proposition 2.1, Xv*®w = XvXw- Thus applying Lemma 2.2, we see 
that 

dim Home (F, W) = dim{V* ® W f = [ ^Mi)Xw{9) dg 

JG 

as desired. □ 
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Theorem 2.4. (i) The characters of irreducible representations are or- 
thonormal. 

(a) If V,W are representations, then V = W iff Xv = Xw- In words, 
two representations are isomorphic if and only if they have the same 
character. 

Proof. Part (i) follows immediately from Proposition 2.3 and Schur's Lemma. 

For (ii), note that 1/ = iff they have the same size isotypic compo- 
nents. So they are isomorphic iff dimHom([/, V) = dimHom(?7, W) for all 
irreducible representations U . By Proposition 2.3, the size of these hom 
spaces is determined by the characters. □ 

Hence the ring homomorphism Rep{G) C(G) given by taking charac- 
ters is injective. 

2.3 Characters as class functions 

A class function on a group G is a function f : G ^ C which is constant on 
conjugacy classes. In other words, f{hgh^^) = f{g) for all g,h ^ G. Because 
trace of a linear operator is invariant under conjugation, we immediately 
obtain the following. 

Lemma 2.5. A character is a class function. 

Thus, characters live inside the subspace C{G)'^ consisting of continuous 
class functions. 

Now suppose that G is finite. Then C{G) is the same thing as the space 
of all functions on G. It is a vector space of dimension \G\. The inner 
product on this space is given by 

(/l, /2) = T777 y] h{9)f2{g)- 

Consider the subspace G{G)^ of class functions. It has a basis given 
by the characteristic functions of conjugacy classes. Thus it has dimension 
equal to the number of conjugacy classes. 

Since the characters of irreducible representations are linearly indepen- 
dent and all of them live in G{G)'^ , we immediately see that the number 
of irreducible representations of a finite group is less than or equal to the 
number of conjugacy classes in G. Actually there is equality. 
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Theorem 2.6. // G is finite, the characters of irreducible representations 
form an orthonormal basis for C{G)'^ and thus the number of irreducible 
representations is equal to the number of conjugacy classes of G. 

Before we proceed with the proof, let us define the regular representa- 
tion of a finite group to be its action on C[G] by left multiplication. More 
precisely, ii g & G and YlheG ^hh G C[G], then the action is given by 



Note that C[G] has a basis given by the group elements of G and this action 

is just a permutation action with respect to this basis. So it is easy to see 
that under this representation G is taken to a linearly independent set in 
End{'C[G\). This representation is called the regular representation. 

Proof. Suppose that the characters of the irreducible representations do not 
span C{G)^. Then we can find / € C(G)^, / / 0, such that (xv,/) = 
for all irreducible representation V. 

Fix some irreducible representation V. Let A be the linear operator on 
V defined by 



Then since / is a class function, it is easy to sec that A is G-equivariant, so 
by Schur's lemma, A acts on V by some scalar a. Now 



adimF = tr(^) = ^ f{g)tr{g\v) = f{g)xv{9) = \G\{xv',f) = 



So a = 0. Thus '^f{g)g acts by in every irreducible representation and 
hence in every representation of G and in particular in the regular represen- 
tation. 

However, in the regular representation, the group elements give linearly 
independent endomorphisms. Thus f{g) = for all g. So we see that the 
characters do span after all. □ 

We can rephrase this result as saying that the map Rep{G) ®i C 
C{G)^ is a ring isomorphism (we need to extend scalars from Z to C, since 
Rep{G) is only a Z-module). 

Eventually, we will prove an analog of this result for compact groups. 



heG heG 




g&G 



geG 
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2.4 Characters of 5*3 



Consider G = S3. This is the simplest non-abehan group. In symmetric 
groups, conjugacy classes are given by cycle type, so 5*3 has three conjugacy 

clctSSGS* 

{(1)}, {(123), (132)}, {(12), (23), (13)} 

Hence it has three irreducible representations. Let us try to find them. 
Two easy 1-dimensional representations are the trivial representation 
(each group element goes to 1) and the sign representation, which takes 
even permutations to 1 and odd permutations to -1. It is convenient to 
represent the characters in a table like this. 





Xtriv 


Xsign 


(1) 


1 


1 


(12) 


1 


-1 


(123) 


1 


1 



We need one more irreducible representation. One obvious representa- 
tion of S3 is its action on by permuting the coordinates, so a{xi,X2,X3) = 
(xo-(i), a;(^(2), 2:(t(3)) for a E S3 and {xi,X2,X3) G C^. It is easy to see that 
the character of this representation is given as follows. 

Xc3((l)) = 3, xc3((123)) = 0, xc3((12)) = 1 

We can see that this is not an irreducible representation, since (xcs , Xc^ ) = 
2. Also we can compute {xc^-> Xtriv) = 1 to see that Hom(Ctrro, C^) is one 
dimensional and hence contains one copy of the trivial representation. 

Actually this is easy to see, since the subspace {{x,x,x) : x G C} C 
is clearly an invariant subspace isomorphic to the trivial representation. 
We can choose a complementary invariant subspace W = {{xi,X2,X3) : 

Xi + X2 + X3 = 0}. 

Since = Ctriv © W, we see that xw = Xc^ ~ Xtriv Thus xw is given 
as follows. 

Xwm) = 2, XH^((123)) = -1, XH'((12)) = 

From this, we see that (xw^Xw) = 1 and hence W is an irreducible repre- 
sentation. 

Thus, the three irreducible representations are the trivial, the sign, and 
W. The complete character tabic is: 





Xtriv 


Xsign 


XW 


(1) 


1 


1 


2 


(12) 


1 


-1 





(123) 


1 


1 


-1 
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3 Tori 



3.1 Compact tori 

A connected compact abelian group is called a torus. The simplest example 
of a torus is U{1) = S^. More generally, every torus is isomorphic to a 
product of copies of U{1). Let us formulate a more precise version of this 
statement. 

Let T be a torus. Let t denote its Lie algebra. There is an exponential 
map t — > r. Let A denote the kernel of the exponential map. 

Proposition 3.1. The exponential map is a group homomorphism and is 
surjective. Hence T = i/K. 

The group A is a free abelian group whose rank is equal to the dimension 
of T (and of t). We can choose isomorphisms t ^ M",A ^ Z*^, and T ^ 

Even though all tori are isomorphic to ?7(1)", it is usually convenient not 
to choose such an identification (much like not picking a basis for a vector 
space) . 

Example 3.2. Let T be the diagonal unitary matrices of determinant 1. 
This torus is important because it is a maximal torus of SU (n) . Prom the 
definition, 

T = {{tu...,tn)eU{\Y ■.ti...tn = l}. 

Prom this description, we can write 

t= {(ai,...,o„) G : = 0} and A = {(mi,...,m„) G Z** : = 0}. 

Tori are very useful since they are generated by one element in the follow- 
ing sense. We say that t G T is a topological generator of T if the subgroup 
generated by t, {f^ : n G Z}, is dense in T. 

Lemma 3.3. Every torus has a topological generator. 

3.2 Representations of Tori 

Let r be a torus. A weight of T is a smooth group homomorphism from T 
to U{1) and a coweight is a smooth group homomorphism from U(l) to T. 

A weight of T is the same thing as a 1-dimensional representation of T 
because every smooth group homomorphism T — s- must land in U{\), as 
U{\) is the only non-trivial connected compact subgroup of C^. 
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The set of all (co) weights is called the (co)weight lattice and is denoted 
X*{T) (resp. X^{T)). The weight and coweight lattice form free abelian 
groups. There is a perfect pairing defined by composition 

{,):X*{T) ®z X.{T)^'L = X*{U{1)) 

If T = [/(!)", then any weight is of the form (ti, . . . , t„) ^ t'^\ . . i^" for 
some = (/Lii, . . . , Hn) G Z". This shows that X*{T) = Z". 

In general, X*(r) is always naturally isomorphic to A. This is because 
given /X G A we can define a map U{1) = M/Z T = t/A by [a] ^ [afj]- 
Every group homomorphism ^ T is of this form. This can be seen by 
considering the map at the level of Lie algebras. 

Example 3.4. Let T be the torus from Example 3.2. Then we have 
X*(T) = Z"/Z(l, . . . , 1) because = (/ii, . . . , Hn) gives rise to a homo- 
morphism 

and this map is trivial if (/xi, . . . , G Z(l, . . . , 1). 

Similarly, X^{T) = {{fii, . . . , G Z" : /ii + • • • + |Ltn = 0}. Such a 
(/xi, . . . , jin) gives rise to the map 

U{1)^T, t ^ {t^'\ . . . ,t^") 

Using Schur's Lemma it is easy to see the following. 

Proposition 3.5. Every irreducible representation of an abelian group is 
1-dimensional. 

Thus all irreducible representation of a torus T are one-dimensional and 
they correspond to the set of weights X*{T). 

Hence by the isotypic decomposition, for any representation V of T, we 
can write V as the direct sum of subspaces 

y = V;,, where Vf, = {v eV : tv = fi{t)v for all t G T} 

This is called the weight decomposition — the are called the weight 
spaces. A vector t; € is a called a weight vector of weight fi. 

The character of the 1-dimensional representation given by a weight ^ is 
just n itself, regarded now as a function on T with values in C. To distinguish 
the character from the weight, we will write for the character. 
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Note that if V is an arbitrary representation of T, then using the above 
weight decomposition, we see that 

XV = Yl (dini^/x)e'' 

/iGX*(T) 

We regard these characters as hving in the Z-group algebra of the weight 
lattice, Z[X*{T)] which is a subring of C{T). 
Combining these results, we see that 

Rep{T)^Z[X*iT)] [V]^xv 

is a ring isomorphism. 

3.3 Complexification of tori 

Given a torus T, we will define its complexification Tc- This is a special 
case of the complexification of compact groups. 

The simplest example of this complexification is U (l)c = . Of course, 
in a sense this is the only example since every torus is a product of copies 
of U{1). However, we will do things in a more invariant way. 

Let us begin by describing what kind of an object a complex torus is. 

3.3.1 Complex Lie groups and complex algebraic groups 

We will now enter into the world of complex Lie groups and complex alge- 
braic groups. 

An n-dimensional complex manifold X is a topological space X along 
with an open cover {Ui} and homeomorphisms Ui ^ Vi, where Vi are open 
subsets of C". We require that the transition functions between these charts 
are given by holomorphic functions between the open subsets of C^. 

A complex Lie group is a group in the category of complex manifolds. 
By this we mean that it is a complex manifold G along with multiplication 
maps G X G ^ G and inverse maps G ^ G which are holomorphic and 
make G into a group. 

Example 3.6. One simple example of a complex Lie group is C^, under 
multiplication (it has a very simple atlas, since it is already an open subset 
of C). 

Another example is C/Z, where the group structure is given by addition 
in C and the atlas comes by choosing open sets in C which do not contain 
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two points whose difference is an integer. Note tliat tfie map z ^ gSTriz 
defines an isomorphism of complex Lie groups between and C/Z. 

Another example of a complex Lie group is C/Z^. The underlying real 
manifold is S*^ x 5^. For this reason, C/1? is sometimes called a complex 
torus, which is the word which we are reserving for and its relatives. 
In this course, we will not be interested in examples of complex Lie groups 
whose underlying topological space is compact. 

An affine complex algebraic variety is a subset X of C" which is de- 
fined by polynomial equations. Given X, we can consider the ideal I{X) 
of all polynomials vanishing on X and then form the quotient 0{X) = 
C[a;i, . . . , Xn]/I{X), which is the algebra of polynomial functions on X (also 
called the coordinate ring of X). 

Conversely, given a finitely generated reduced C-algebra i?, we define 
Speci? to be the set of C-algebra homomorphisms from R to C. Given an 
affine complex algebraic variety X, there is a map X SpecO(X) taking 
X to the homomorphism given by evaluation at x, f <—>■ f{x). A basic result 
in algebraic geometry, called Hilbert's nullstellensatz, tells us that this map 
is a bijection. 

A complex algebraic group is a group in the category of affine complex 
algebraic varieties. 

Example 3.7. Consider SLn{C), the group of determinant 1, nxn, complex 
matrices. 

It is an algebraic variety, since it is the subvariety of C" (the matrix 
entries), given by the polynomial det— 1. Note that det is a polynomial in 
the entries of a matrix. 

The group structure on SLn{C) is given by matrix multiplication which is 
clearly polynomial in the entries of the matrices. The inverse map g ^ 
is also given by a polynomial in the matrix entries, but this is a bit less 
obvious. 

Every complex algebraic group has an underlying complex Lie group 
structure, because every smooth complex algebraic variety carries the struc- 
ture of a complex manifold. 

The tangent space at the identity to a complex Lie group or to a complex 
algebraic group is a complex Lie algebra. The definition of the Lie algebra 
structure is the definition using left-invariant vector fields, which makes 
perfect sense for complex Lie groups or complex algebraic groups. 
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3.3.2 Algebraic varieties and localization 

There is one special way to produce algebraic varieties which will be useful 
for us. If / G C[xi, . . . , Xn] is a non-constant function, then we can consider 
its non-vanishing locus Uf = {a e : /(a) 0}. This set naturally carries 
the structure of an algebraic variety because it is in bijection with 

{(a,-^):aGt/;}cC"+\ 

which is an algebraic variety because it is defined by the equation Xn+if{xi, . . 
1. 

Note that under this bijection, the coordinate ring of C/j is the quotient 
of C[xi , . . . , Xn+i] by the ideal generated by Xn+if — 1- We call this ring, the 
localization of C[xi, . . . , x„] at / and think about it as adjoining an inverse 
for /. 

0{Uf) = C[xi, Xn+l]/{Xn+lf - 1) = C[xi, . . . , Xn] [f~^] 

Example 3.8. Take G = GLn = {A ^ End(C") : A is invertible }. Note 
that End(C'^) can be identified with (by matrix entries) and that A is 
invertible if and only if det(^) ^ 0. Note that det is a polynomial function 
of the matrix entries. Thus GL„ is an algebraic group and 0(GL„) = 

^\xij^dct 

The simplest example of this is G = , from which we see that 0(C^ ) = 
C[x, Some authors write (the multiplicative group) for when 

they think of it as an algebraic group. 

3.3.3 Complex tori 

Given a torus T, we define its complexification Tc in two ways. 

First, Tc = tc/A as a complex Lie group (where tc = t (8>k C). In this 
approach, the group structure comes from addition in tc- 

Second, as a complex algebraic group, we define Tc as SpecC[X*(T)]. 
So the coordinate ring of Tc is the complexified group algebra of the weight 
lattice of T. In this approach, the group structure is slightly more mysteri- 
ous. It is defined by the equation fx{tit2) = ^{ti)^{t2) for /i G X*{T) and 
^1,^2 G Tc. This defines the element tit2, because from the algebraic geom- 
etry perspective, it is enough to know value of every polynomial function on 

tlt2. 

The underlying complex Lie group of the complex algebraic group Tc 
is naturally isomorphic to the complex Lie group Tc. To see this, it is 
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enough to define a map C-algebras between C[X*(r)] and the algebra of 
holomorphic functions on tc/A. We do so by assigning to each weight fi the 
function (also denoted n) defined by 

where /u(a) is defined using the cmcdding X*(T) C t*. 

Tc is a complex torus, which by definition means a complex Lie/algebraic 
group which is isomorphic to C^" for some n. 

Example 3.9. (i) Let us take T = U{1), so then X*{T) = A = Z and 
t (8)]R C = C. Thus as a complex Lie group, Tc = C/Z. On the other 
hand, using the coordinate ring of the complex algebraic group is 
given hy 0(Tc) = C[Z\ = C[x,x-^] and so Tc = We have already 
seen that C/Z and are isomorphic as complex Lie groups. 

(ii) As a second example, let us take diagonal unitary matrices of deter- 
minant 1, from 3.2. Recall that t = {{ai, . . . ,an) G M" : ^ = 0} 
and A = {(mi, . . . ,m„) ■.^ini = 0}. 

Then 

Tc = tc/A = {(ai, . . . ,an) G C" : ^a, = 0}/A. 

Exponentiating each coordinate gives us an isomorphism of complex 
Lie groups between Tc and 

{(ii,...,t„)€(er :ii...in = l} 

On the other hand C[X*(T)] = C[a;i, . . . ,Xn,Xi^, . . . ,x~^]/{xi . . .Xn)- 
This is readily seen to be the algebra of polynomial functions on the 
above group. 

3.4 Representation theory of complex tori 

An algebraic representation of a complex algebraic group is vector space 
V and a map of algebraic groups G — > GL{V). This means that the map 
should be a group homomorphism and also a map of algebraic varieties (i.e. 
it should be given by polynomials). In particular this means that every 
matrix coefficient of a representation is a polynomial function on G. 

Sometimes people say "rational representation" instead of "algebraic rep- 
resentation" . The reason why they say "rational representation" rather than 
"polynomial representation" is that for a group like GLn, which is defined 
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by localization, the inverse of the localized function is polynomial function 
on G. For example the map g ^ de\,{g)~^ is a (1-dimensional) algebraic 
representation of GLn- 

Example 3.10. The simplest example of a non-algebraic representation is 
to take G = and consider the 1-dimensional representation ^ 
given hy z ^z. Since complex conjugation is not a polynomial, this is not 
an algebraic representation (it is however an algebraic representation of the 
underlying real algebraic group). 

Prom now on, when we talk about a representation of an algebraic group, 
we will always mean an algebraic representation. 

The representation theory of complex tori is very much as that of com- 
pact tori. Let Tc be a complex torus, the complexification of a compact 
torus T. Given a weight n £ X*(T), we can construct a map T —>■ in 
one of the following two equivalent ways (depending on which definition of 
Tc we take). 

In the first approach, we think of Tc = tc/A, and we write ^ G Hom(A, Z) 
(using the identification of X^, (T) and A and the pairing between X* (T) and 
X*{T)). Then we define 

Tc ^C^, by [a] ^ e^^^''^"). 

This is a well-defined map since if a G A, then fi{a) is an integer and so 
g27r«/i(a) _ ^ (This the same function on Tc we defined in section 3.3.3 when 
we were showing that weights give holomorphic functions on Tc). 

In the second approach, we just note that since we defined 0(Tc) = 
C[X*(T)], n is an invertible element of 0{Tc) and hence defines a map from 
Tc to C^. This map is a group homomorphism by the definition of the 
group structure on Tc- 

Actually, in practice, we don't really think of it in either of these two 
ways. 

Example 3.11. Return to our favourite torus Tc = {(ti, • . . ,tn) £ C^"' '■ 
ti...tn = 1}. Recall that the weight lattice is X* = Z"/Z(l, . . . , 1). Given 
/X = (/xi, . . . , jin) £ AT*, we get a group homomorphism by (ii, . . . , tn) 
t^^ ... t^" as before. 

Lemma 3.12. The above construction gives an isomorphism of abelian 
groups X*{T) = Hom(Tc, C^). Similarly, we have an isomorphism X^{T) = 
Hom(C^,Tc). Here Horn denotes either as complex Lie groups or as com- 
plex algebraic groups (the homomorphisms are the same). 
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Because of these isomorphisms, we will write X*{Tc) = X*{T) and 
X4Tc) = X4T). 



4 Maximal tori and characters 

For this section, fix a compact connected Lie group G. 

4.1 Mciximal tori 

A maximal torus T in a compact group G is a Lie subgroup T C G which 
is a torus and which is not contained in another torus. 

We have the following fundamental result. Fix a maximal torus T C G. 

Theorem 4.1. Every element of G is conjugate into T. 

Example 4.2. Take G = U{n). Then a maximal torus T for G is given by 
the diagonal unitary matrices. Then Theorem 4.1 is equivalent in this case 
to the statement that all unitary matrices are unitarily diagonalizable. 

Using the existence of topological generators for tori, we immediately 
conclude the following. 

Corollary 4.3. Every torus in G is conjugate into T. In particular, all 
maximal tori are conjugate. 

In other words, if T' is another maximal torus in G, then there exists 
g & G, such that gT'g^^ = T. 

From this corollary, we conclude that all maximal tori have the same 
dimension. The dimension of the maximal torus is called the rank of G and 
is denoted I. 

Another corollary of Theorem 4.1 will be quite useful to us. It is also 
proven using topological generators for tori. 

Corolleiry 4.4. If T is a maximal torus, then 

T = Zg{T) := {5 e G : gtg-^ = t, for all t G T}. 

4.2 Restriction of representations to maximal tori 

For us, the main point of maximal tori is that wc can use them to study 
representations of G. We fix a maximal torus T and write X = X*(T) for 
its weight lattice. 
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Let y be a representation of G. We can regard F as a representation of 
T and then form its weight decomposition. 

and we can consider its character Xy as a T-representation. As we discussed 
above Xy = E,tex(dim V^)e^. 

Theorem 4.5. Let V, W be representations of G. Then V = W as G- 
representations iff Xy = Xw ■ Equivalently, V = W iff dim = dim for 
all jjL. 

Proof. Suppose that x^/ = Xw- '^^^^ means that xv{t) = Xw{t) for ah 
t ^ T. But since the character of a representation is a class function, this 
implies that Xvidtg^^) = Xw{9i9~^) for a-H 9 ^ G. Every element of G is 
of this form by Theorem 4.1. Hence xv = Xw and so y = by Theorem 
2.4. □ 

Yet another equivalent formulation of Theorem 4.5 is to say that two 
representations of G are isomorphic iff their restriction to T is isomor- 
phic. Put another way, restriction gives us a injective ring homomorphism 
Rep{G) Rep{T). 

Since the character of V is completely determined by its restriction to 
T, which is in turn determined by the dimension of the weight spaces, from 
now on, if y is a representation of G, then we will think of its character as 

XV = X] (dimy^)e'' 

which we regard element of Z[X]. 
4.3 The Weyl group 

Let Ng(T) denote the normalizer of T in G. So 

Ng{T) = {geG: gtg~^ G T, for all t G T}. 

Inside Ng{T) wc have T which is a normal subgroup. We define the Weyl 
group W hy W = Ng{T)/T. Note that Ng{T) acts on T by conjugation 
and T acts trivially, so W acts on T. In fact, by Lemma 4.4, we see that 
this is a faithful action (i.e. no non-identity element of W acts trivially on 
T). 
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Example 4.6. Take G = U{n) and T to be the diagonal matrices. There is 
a map Sn — > Nq{T) taking a permutation to a permutation matrix Pyj. 
We claim this this map induces an isomorphism Sn Ng{T)/T. 

It is easy to sec that the map is injective, since every non-identity per- 
mutation matrix acts non-trivially on T by conjugation. 

To see that it is surjective, let g G Ng{T). Then we can rephrase the 
condition of lying in the normalizcr as saying that for all t € T, there exists 
t' (z T such that tg = gt'. Since tg amounts to multiplying the rows by 
(non-zero) scalars and gt' amounts to multiplying the columns by (non- 
zero) scalars, we see that g can only have one non-zero entry in each row 
and coloumn. From this it follows that g G SnT. 

Hence Sn —>■ W is an isomorphism. 

Lemma 4.7. The Weyl group is finite. 

Before proceeding with this lemma, let us note the following general fact. 

Proposition 4.8. If G is a Lie group and H is a closed Lie subgroup, then 
G/H naturally carries the structure of a manifold of dimension dimG — 
dimH. If H is a normal closed Lie subgroup, then G/H is a Lie group. If 

G is compact, then G/H is compact. 

Proof of Lemma 4-7. Note that NdT) is a closed Lie subgroup, since it 
is a subgroup which is topogically closed (conjugating T to T is a closed 
condition). So from the Proposition, we see that W is compact. Hence to 
show that W is finite, it suffices to show that it is discrete. 

Consider the action of W on T. Since it acts on T, it acts linearly 
on t and preserves the lattice A. Hence we get a group homomorphism 
W — GL{A) where GL{A) denotes the Z-linear automorphisms of A (this 
is the same thing as the linear operators on t which take A isomorphically 
to A). 

Since GL{A) is discrete, the connected component of the identity in W 
must be taken to the identity in GL{A). Thus if w G is in the connected 
component of the identity, it acts trivially on A. Since it acts trivially on A 
and A spans t (over M), w acts trivially on t and hence it acts trivially on 
T = t/A. 

Thus by the remarks at the beginning of this section, we see that w is 
the identity element of W and thus W is discrete. □ 

Because W acts on T, it acts Z-linearly on the weight and coweight 
lattices X^,(T) and X*(T). The argument in the proof of the above Proposi- 
tion shows that W acts faithfully on the lattice A. Since A is isomorphic to 
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X*(T) and is dual to X*(T), W acts faithfully on the weight and coweight 
lattices as well. 

Example 4.9. For G = U{n), the action of Sn on X*{T) = Z" is given by 

w{fJ,i, ...,lln) = • • • ,/^«,(n)) 

4.4 The Weyl group and characters 

As before, let G be a compact Lie group, let T be its maximal torus, and 
let X be its weight lattice. Let W be the Wcyl group and let denote 
the subalgebra of Weyl invariants. So an element of Z[X]^ is a linear 
combination Yln^x ^ti^'^^ with a^^ = for all G X, it; G W. 

We begin with the following relatively straightforward observation. 

Proposition 4.10. If V is a representation of G, then xv € Z[X]^ . 

Proof. We have already observed that xv is a class function on G (when 
regarded as a function on G). Thus when we restrict xv to T, it must be 
invariant under the action of Nq{T). This immediately implies the desired 
result. □ 

Here is another way to think about this proof. For each w G W, we pick 
some g G Ng{T) C G such that [g] = w. Let w G be a weight vector of 
weight ji. Then because g G Ng{T), g~^tg G T and we have 

tgv = gg'^tgv = g{wn){t)v = {wfi){t)gv 

using the definition of the action of W on X. Hence g{V^) C V^fj, and 
using g"^, it is easy to see that g gives an isomorphism from to 
Thus, dimF^ = dimVwn and hence the character xv = S/^(diHi V^)e'* is 
VF- invariant. 

(In the case oi G = U (n) , we can actually choose a lift W ^ G which is 
a group homomophism, by assigning to each permutation w G Sn = W, its 
permutation matrix. In general, it is not possible to choose such a lift.) 

From the proposition, we see that there is an injective ring homomor- 
phism Rep{G) Z[X]^ . We wih soon see that it is an isomorphism. 

4.5 Representations of C/(n) 

Let us carry out an extended example when G = U{n). In this case, we 
can do a complete analysis of the situation. We take T to be the diagonal 
unitary matrices. So X = Z"- and W = Sn- We will write 

Z[X] = Z[ei, . . . , e„, e]"\ . . . , e~^] 
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where ej = e^*^''"'^'"''"-'. For A = (Ai,...,A„) € X, following our usual 
notation, we write 

_ Ai A„ 

First, let us consider Z[X]^ , which we can think of as the ring of Lau- 
rent polynomials in the variable ei,...,e„ which are invariant under the 
symmetric group Sn- This ring, or more precisely the n — > cxo limit, is called 
the ring of symmetric functions. 

Let 

X+ = {(Ai, . . . , A„) G X : Ai > • • • > A„}. 
It is called the set of dominant weights. For A G X+, let us write 

It is immediate from the definition that the set {m\}^\ G X^} forms a basis 
for Ia[X]^ . m\ is called a monomial symmetric function. 

Define a partial order on X = Z" by (Ai, . . . , A„) > (/xi, . . . , if 

Ai > Mi> -^1 + ^2 > Ml + A*2, • ■ • , Ai + . . . A„ = /xi H h Mn- 

We will now define other bases for Z[X]^ which will also be labelled by 
dominant weights and which will be upper-triangular with respect to this 
partial order. The motivation for our constructions in the following idea. 

Let / be a partially ordered set, possibly infinite, but with the property 
that for each i G /, {j G / : j < i} is finite. Let F be a free abelian group 
with basis {ujjig/. Let {wijuzj be another set of vectors in V labelled by I. 
We say that {tUijjg/ is uni-upper triangular with respect to {wijigj if for all 
i E I, we have 

Wi — Vi & span{wj : j < i) 

Lemma 4.11. Under the above setup, {wi}i^i forms a Z-basis for V as 
well. 

For /c = 1, . . . , n, let pfc(ei, . . . , e„) denote the A;th elementary symmetric 
function. So 

Pl = ei-\ 1- e„, P2 = 6162 -I- 6163 H h 6„_l6„, . . . , p„ = 61 . . . 6„ 

and, in general, pk is the sum over all A;-element subsets of {1, . . . , n}. Clearly 
Pk G ZlX]^ , for A; = 1, . . . , n. Also note that p„ is invertible in Z[X] and 

p-' G z[xr. 
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Let coi = (1, . . . , 1, 0, . . . , 0). If we take A G X+, we can write A = 
miui + • • ■ + ninCOn, with mj G N, for 1 < i < n and m„ G Z. Given 
A G X+ , let us define p\ = p^^ . . . p!^" . {px is sometimes called a elementary 
symmetric function.) 

Theorem 4.12. The set {px}x^x+ forms a basis forZ[X]^. Hence 

ZIX]"^ ^Z\pi,...,Pn-l,Pn,p-']. 

Proof. Note that px = mx + v, where v lies in the span of the set {m^}^<A 
(for example, see Lemma 4.15 below). The result follow from Lemma 4.1L 

□ 

Now, let us try to find representations of U{n) for which these pk are 
the characters. 

First, a general construction. If F is a representation of a group G, then 
is a representation of G. There is also an action of Sk on V®^ which 
commutes with the action of G on F®'^. 

Hence the symmetric power Sym*' V := (y'^^)^'' carries an action of G. 
Similarly 

A'^y := {v G F®^' : av = sign{a)v} 

is a representation of G. 

More generally, if W is an irreducible representation of Sk, then Hom^^ (W, y®*^) 
carries a representation of G. If W is the trivial representation of Sk, then 
Hom^j. {W, V®^) = Sym^ V, while if W is the sign representation of Sk, then 
Hom5^(W,l^®'=) = A''V 

We will specialize this to the case where y = C" with the usual action 
of U{n). So we have an action of U (n) on A'^C", for /c = 1, . . . , n. 

Lemma 4.13. The character o/A'^C" is pk- 

Proof. Let vi,...,Vn be the standard basis for C". There is a basis for 
A'^C" consisting of A • • • A Vi^, where ii < ■ ■ ■ < ik- The result follows 
immediately. □ 

The representation A'^C" is 1-dimensional and is given by the group 
homomorphism det : U{n) — > U{1). Its dual representation is given by 
1/ det and has character p~^. 

Corollary 4.14. The map Rep{G) — Z[X]^ is an isomorphism. 

Proof. We already knew it was injective and since it hits all the generators 
Pi, ■ . . ,Pn,Pn^, it must be surjective. □ 
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Let us use this result to get a description of the irreducible representa- 
tions. 

We say that a representation V of U{n) has highest weight A G X+, if 

(i) dim Fa 0, and 

(ii) For all n € X such that dim 7^ 0, // < A. 

Note that a representation can only have one highest weight (of course, it 
may not have any highest weight). We will also say that V is of highest 
weight A. 

Lemma 4.15. If Vi and V2 are representations of highest weights Ai and 
X2, then Vi (8) V2 has highest weight Ai + A2. 

Proof. Note that 

Ml+M2=M 

Now if /xi < Ai and /X2 < A2, then /xi -|-/i2 < Ai + A2. The result follows. □ 

We are now in a position to prove our decisive result. 

Theorem 4.16. For each A G there exists a unique irreducible repre- 
sentation V{X) ofU{n) of highest weight A. These are all non-isomorphic 
and they are all the irreducible representations ofU{n). 

Proof. Let A G X+ and let us write A = miui + • • • + rUnCOn- Then we can 
consider the representation 

W = (C")®'"i (a2c'*)®"»2 (g) ■ • • (A^C")®"*" 

of U{n). By the above results, the character of W is px. 

By Lemma 4.15, W has highest weight A. In particular, the dimension of 
its A-weight space is 1-dimensional. Hence there exists a unique irreducible 
subrepresentation ^(A) whose A-weight space is 1-dimensional. Since W has 
highest weight A, so hence V{X) does as well. 

If A 7^ /X, then V{X) and F(/Lt) will have different highest weights, so they 
will be different representations. 

To see that these are all the irreducible representations, it is enough to 
see that the set {xa •= Xv{\)}xex+ forms a basis for Z[X]^. To see this, 
we again appeal to Lemma 4.11. □ 
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Later, we will see a few different ways of computing the characters x\ 
(equivalently, understanding the weight decomposition of V{\)). 

Example 4.17. If A = (fe, 0, . . . , 0) = ktoi, then V{X) = Sym'^ C". This can 
be proven by noting that Sym'^ C" is irreducible^ and is of highest weight 
kui. 

Example 4.18. Consider U{2,). Let us think about y(2,l,0). Consider 
® A^C^. This representation has the following weight diagram. 
It contains one copy of the determinant representation, since there is a 

non-zero map ® A^C^ — > A^C'^ which is the determinant representation. 

So we can split 

® A^C^ = W® Cdet 

This representation W has the weight diagram. 

It is not that hard to see that W is irreducible and hence W = V{2,1,0). 

5 Complexification of compact groups 

5.1 Complexification in general 
5.1.1 Vector spaces 

We begin with vector spaces. If F is a real vector space, then we can 
construct Vc = V (8)]r C. We write elements of Vc as ui + W2 = 1 + <8) ^ 
for vi,V2 € V . Vc will carry a conjugate- linear map a : Vc Vc, which 
is an involution (a^ = id). We can recover V from Vc and a by setting 
V = V^. 

Finally, note that Vc can also be defined by the following universal prop- 
erty. Let IV^ be a complex vector space. Every R-lincar map T : V ^ W 
extends uniquely to a C-linear map Tc : Vc ^ by setting Tc{vi + iv2) = 
T{yi) + iT{v2). Another way to say the same thing is that complexification 
is the left adjoint functor to the forgetful functor from complex vector spaces 
to real vector spaces. In an equation, 

HomM(F, W) = Homc(Vc, W). 

don't see a complete elementary way to prove that Sym'' C" is irreducible, but there 
should be one. 
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5.1.2 Lie algebras 

Now suppose that 5 is a real Lie algebra. Then we can construct a complex 
Lie algebra gc '■= Q <Xir C. The Lie bracket on gc comes from the Lie bracket 
on by extending it to be complex linear. As with vector spaces, conjugate- 
linear a and the universal property. In particular, every representation of g 
on a complex vector space V extends uniquely to a representation of gc on 
V. 

Example 5.1. (i) One simple example is to take g = 0l„(M). Then we 
see gc = gin{C). 

(ii) Another straightforward example is g = so(n), the Lie algebra of n x n 
skew-symmetric real matrices. Then gc = sOn(C), the n x n skew- 
symmetric complex matrices because every complex skew-symmetric 
matrix can be written as A + iB, where A, B are both real skew- 
symmetric matrices. 

Another way to think about the same thing, is to describe so(n) as 
the subspace of gt„(K) defined by the linear equation A + A*^ = 0. 
So its complexification is the subspace of gt„(C) defined by the same 
equation, which is of course g[„(C). 

(iii) A more complicated example is g = u(n), the Lie algebra of skew- 
Hermitian nxn complex matrices. Note that u(n) is a real Lie algebra, 
not a complex Lie algebra. The complexification of u(n) is g[^(C). This 
can be see in two different ways. 

First of all, we can embed u(n) into 0t„(C) in the obvious way. Under 
this embedding iu{n) becomes the set of all Hermitian matrices. Every 
complex matrix can be written uniquely as the sum of a Hermitian and 
a skew-Hermitian matrix, so u(n) © iu{n) = gl„(C). 

Another way to think about this is to think of an element u(n) a sum 
A + iB, where A, B are real matrices. Then, 

u(n) = {iA,B) G M„(E) x M„(M) : A + iB = -{A^"" - iB^'')} 

We can rewrite this as the space of pairs of real matrices (A, B) as 

A = -A^'' and B = B*'' . Hence 

u(n)c = {{A, B) e M„(C) X M„(C) : A = -A'\ B = B''} 

With this description, the map u(n)c fltn(C) taking {A,B) A + 
iB is an isomorphism of complex Lie algebras. 
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Notice that in the example above, u(n) and 0l„(M) are non-isomorphic 
real Lie algebras (for n > 2), but their complexifications are isomorphic. 

5.1.3 AfRne varieties 

Now let X C M" be a real affine algebraic variety. We let I{X) C M[a;i, . . . , Xn] 
denote the ideal of polynomials vanishing on X. We define the complexifi- 
cation Xq of X to be the set of x € C" such that f{x) = for all / € li-^)- 
For example, if I{X) is generated by just one polynomial /, then Xc will 
be the subvariety of C" defined by the same polynomial. 

Conversely if we fix a complex affine variety Y, then any real variety X 
such that Xc = y is called a real form of Y. 

Example 5.2. Let us take X = U{1) to be a circle in R^, defined by the 
equation x^ + = 1. So / = + — 1 and Xc C is the locus 
x^ + y^ = 1- However, x^+y"^ = {x + iy){x — iy), so applying a linear change 
of coordinates in , we see that 

Xc = {{u,v) eC^ :uv = l} 

Note that Xc is the same thing as M,^ = C^, where as usual, we regard 
as the affine variety 

rx = {{u,v) eR^ ■.uv = 1}. 

So U{1) and an example of a pair of non-isomorphic real varieties whose 
complexifications are isomorphic. 

The following result will be of importance to us. 

Lemma 5.3. Let X be a real affine variety and Xc its complexification. 
If f & 0{Xc) and f vanishes on X, then / = 0. (In other words, X is 

Zariski-dense in Xc-) 

Proof. It suffices to show that 0{Xc) = 0{X) (gi^ C. To see this, note that 
R[a;i, . . . , Xn] <8>M C = C[xi, . . . , x„], so the above statement is equivalent to 
showing that I{Xc) = I{X) C. By the definition, we have containment, 
I{X) ®]R C C /(Xc), so by the Nullstellensatz, it suffices to show that 
/(X) (giR C is a radical ideal. 

Suppose that a, 6 € R[xi, . . . , Xn] and (a + ib)'' € I{X) (8>r C for some 
k. Then multiplying by (a - we see that (a^ + 6^)^ G /(X) (8)r C. 
Hence (a^ + 62)fc g Since /(X) is radical, + b'^ e I{X). But if 

+ 6^ G /(X), then a^{x) + b'^{x) = for ah x G X. Hence a(x) = b{x) = 
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for all X & X (since a{x) and b{x) are real numbers). Thus a,b € I{X) and 
we are done^. □ 



If X C M" is a real affine variety, then Xq C C" carries an involution a : 
Xc — > Xc which is defined by a{xi, . . . ,Xn) = {xi, . . . , x^), using complex 
conjugation of each coordinate. Since the polynomials defining Xc have real 
coefficients, if x G Xq, then cr{x) G Xc. By construction, we can recover X 
from Xq by looking at the fixed points of a. 

Example 5.4. Take X to be the circle in as above. As above, we identify 
Xc = C^. Then a{z) = z~^. So a{z) = z if and only if \z\ = 1 as expected. 

The complexification of algebraic varieties satisfies a universal property 
similar to the one for vector spaces. Let X be a real affine variety and Xc 
be its complexification. Let y be a complex affine variety. Then a real- 
algebraic map from X to y extends uniquely to a complex algebraic map 
from Xc to Y . Moreover all complex algebraic maps from Xc to Y arise 
this way. In an equation, 

HomiR 

—varieties 

(X, Y) = Home —varieties 

i^cY). (1) 

To see this, let recall that if X C M" and y c = M^™^ then a morphism 
F of real varieties from X to y is given by 2m-polynomials {fj,gj}j=i...m 
n variables with real coefficients, which map X into Y. Then we can define 
F£ : Xc y, by using {fj + igj}j=i,...,m, which gives us m polynomials 
in n variables with complex coefficients, which maps Xc into Y. Note that 
this univeral property implies that the complexification of X is independent 
of the embedding of X into affine space. 

We can also think about this by examining coordinate rings. Let A = 
Oc(y) and B = 0]r(X). The coordinate ring of X when regarded as a real 
variety is {A ® A^ , where A denotes the same C-algebra as A but with 
scalar multiplication twisted by complex conjugation and where a denotes 
the map which permutes tensors. Then the equivalent statement to (1) is 

HomR_algcbras((^ ® A^V , B) = Homc-algcbras B (^^ C) 

This last statement can be verified directly by noting that there are two 
(vector space) embeddings of A into {A® Ay and these two embeddings 
can be used to define a map from Ato B (g)^ C = B ®iB. 

Finally, we note the following fact. Suppose wc have an embedding map 
X — y of affine varieties. The functoriality of complexification gives us a 

^Thanks to David Speyer for this argument. 
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map Xc — >■ Y£. We claim that this gives an embedding Xq C Ic- To see 
this, embed Y into some afRne space R". This gives an embedding of X 
into M"" and we can define the complexification of X with respect to this 
embedding. Thus we get Xc C Ic C C" as desired. 

5.1.4 Algebraic groups 

Now, let G be a real algebraic group. Then we complexify G as a real 
variety to obtain a complex variety Gq. The group structure on G gives us 
a group structure on Gc- There are a couple of ways to sec that the group 
structure survives the complexification. The first is to just note that the 
group multiplication is given by polynomial functions and these polynomial 
functions continue to make sense after the complexification. Another way is 
to note that the group structure on G provides 0{G) with the structure of 
a Hopf algebra and so its complexification 0{Gc) = 0{G) (8)m C also carries 
the structure of a Hopf algebra. 

Example 5.5. (i) The important example of ?7(1) was already mentioned 
above. More generally, if T is any torus, then its complexification Tc 
defined in section 3.3 agrees with the above definition. 

To make this precise, we have to first give T the structure of a real 
algebraic group. One way to do this is to choose an isomorphism of 
Lie groups T [7(1 )" and then define a real algebraic group structure 
on T using the real algebraic group structure on U (1)". The resulting 
structure on T is independent of the isomorphism with [/(I)", because 
all Lie group automorphisms of U{1)"' are real algebraic. 

An alternate approach to define 0(T) is as follows. First we define 
0{Tc) = C[X] as before and then we define cj : 0(Tc) ^ 0(rc) by 
IJ, I— > —/J,. Then we set 0{T) := 0{Tc)'^. Then we check that there 
is a bijection between SpeC]g 0{T) (the set of maximal ideals of 0{T) 
whose residue field is R) and T. 

(ii) Let us now take G = SO{n). We view SO{n) as the variety in M„(M) 
(nxn matrices) defined by the equations AA^^ = 1 and dct A = 1. Its 
complexification is hence given by the same conditions in M„(C) and 
thus is SOn{C). 

More generally, if V is any real vector space with a non-degenerate 
symmetric bilinear form (,), then its automorphisms SO{V, (,)) is a 
real algebraic group. Note that SO{V, ), () is determined up to isomor- 
phism by the signature of the bilinear form. We can complexify the 
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pair V, (,) to obtain Vc, (,)c and then we have SO{V)c = SO{Vc)- 
Note that SO{Vc) = 5'0„(C) where n = dimRF, since Vc,{,)c is 
isomorphic to C" with its standard bihnear form. 

(iii) Now, we consider G = U{n). We regard U{n) as a variety in M„(R)^ 
defined by the equation {A + iB){A + iB)* = 1. This is equivalent to 
+ s^tr = / and AB*'' = BA*\ Hence 

U{n)c = {{A, B) e Mn{Cf : AA^"- + BB*^ = I, AB*"" = BA^^} 

with the group structure given by a shghtly strange expression. 
We claim that the map 

U(n)c ^ GL„(C), {A, B)^A + iB 

is an isomorphism of complex algebraic groups. To see this, note that 
the inverse is given by 

Thus the complexification of U{n) is GLn(C), as is to be expected 
from looking at the Lie algebra. 

Note that GL„(C) is also the complexification of GL„(R). So U{n) and 
GLn(M.) are two real forms of GLn{C) and they are non- isomorphic 
for all n > 1. 

As in the previous sections, we note that Gc enjoys a universal property. 
Let if be a complex algebraic group. Then every map of real algebraic 
groups from G to H extends uniquely to a map of complex algebraic groups 
from Gc to H and all maps of complex algebraic groups from Gc to H arise 
this way. 

This universal property is particularly useful in the case where H = 
GL{V) for some complex vector space V. 

Proposition 5.6. Let G be a real algebraic group. A real algebraic repre- 
sentation of G on a complex vector space V extends uniquely to an algebraic 
representation of Gc on the same vector space. 

Also as in the previous sections, the complexification Gc carries an in- 
volution a whose fixed point set is G. In the algebraic group setting, cr is a 
group homomorphism. 
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Example 5.7. If G = U{n), then U{n)c = GLn{C) carries the involution 

On the other hand, if we regard GLn{C) as the coniplcxification of the 
real algebraic group GL„(]R), then it carries the involution a{g) = g. 

5.2 Complex reductive groups 

If G is a complex algebraic group, then we will study its complex alge- 
braic representations. We say that G is reductive if it is connected and if 
every representation is isomorphic to a direct sum of irreducible subrepre- 
sentations (in other words, the category is semisimple). Another way to 
formulate this is to say that every invariant subspace of a representation 
has a complementary invariant subspace. 

Recall that we proved that the (smooth) representations of a compact 
Lie group were semisimple. We can harness this fact as follows. 

Theorem 5.8. Let K be a real algebraic group, whose underlying Lie group 
is compact and connected. Then G = Kc is reductive. 

The theorem follows from the following Lemma, which is useful in its 
own right. 

Lemma 5.9. Let K be a real algebraic group and let G be its complexifica- 
tion. Let V be a representation of G and let W be a K -invariant subspace. 
Then W is G-invariant. 

Proof. The fact that W is i^-invariant is equivalent to the vanishing of some 
matrix coefficients. These matrix coefficients are polynomial functions on G 
which vanish on K. Hence they also vanish on G. Thus W is also G-invariant 
as desired. □ 

There is a Lie algebra version of this lemma which has a simpler proof. 

Lemma 5.10. Let i be a real Lie algebra and let q be its coniplcxification. 
Let V be a representation of Q and let W be a t-invariant subspace. Then 
W is Q-invariant. 

Proof. Every element of Q is of the form X + lY iox X.,Y ^ t. Since W is 
6-invariant, it is invariant under X and Y and hence under X -\-iY . □ 

Proof of Theorem 5. 8. Let F be a representation of G. Let W <Z V he & 
G-invariant subspace. Then is a ii'-invariant subspace, so there exists a 
complementary i^-invariant subspace W' . By Lemma 5.9, W' is G-invariant. 
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Hence every G-invariant subspace of V has a complementary G-invariant 
subspace. □ 

Theorem 5.8 has some "converses" which are also true, but which we 
will not prove. 

(i) Every complex reductive group G is the complexification of a unique 
real algebraic group whose underlying Lie group is compact and con- 
nected. 

(ii) Every compact connected Lie group has the structure of a real alge- 
braic group, in a unique way. 

Accepting these converses, Theorem 5.8 gives a bijection between the isomor- 
phism classes of compact connected Lie groups and the isomorphism classes 
of complex reductive groups. In fact, I think that this is an equivalence of 
categories. 

Prom this point on, we will let K denote a real algebraic group whose 
underlying Lie group is compact, connected and G = Kc will denote its 
complexification. We will refer to iiT as a compact Lie group and G as a 
complex reductive group. 

Example 5.11. Let us list some pairs of a compact Lie group K and the 

resulting complex reductive group G. 

(i) We can take K = T,Si torus. Then G = Tc- 

(ii) We can take K = U{n). Then G = GLn{C). 

(iii) As a slight modification, take K = SU{n), then G = SLn{C) (note 
that this example is defined by imposing one equation on the previous 
example) . 

(iv) Another good family of examples is K = SO{n). Then G = SOn{C). 

(v) A more "exotic" example is to take K = Sp{n), the group of n x n 
unitary quaternion matrices. Then G = S'p2n(C), the symplectic group 
(i.e. the automorphisms of C^" preserving the standard symplectic 
form) . 
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5.3 Lie algebras of algebraic groups 

Let G be an algebraic group (either real or complex). Then it has a Lie 
algebra Lie{G), which is defined using the left-invariant vector fields on the 
group, much as with Lie groups. Just as with Lie groups, the space of left 
invariant vector fields is isomorphic to the tangent space at the identity. 

There is a nice way to find the tangent space of an algebraic variety, 
which is particularly useful for finding the Lie algebra of an algebraic group. 
We start with varieties. 

Let X be an affine variety over a field k. Then for any /c-algebra i?, we 
can consider the i?-points of X as follows by defining X{R) to be the subset 
of i?" defined by the polynomials in I(X) (this is the same as what we did 
to define the complexification of a real variety). Another way to say the 
same thing is to define X{R) as the set of A;-algebra homomorphisms from 
0{X) to R. 

Now, let R = k[e\/e'^. There is a map of fc-algebras from R to k given 
by sending e to 0. So for any variety X, we get X{R) — > X{k). 

Lemma 5.12. For any point x G X{k), the preimage of x in X{R) is TxX. 

Proof. To prove this lemma, we have to pick a definition of the tangent 
space. Let us pick a "differential geometry" definition. Suppose that I{X) 
is generated by the polynomials fi, ■ ■ ■ , fm- Namely, we will think of T^X 
as the intersections of the kernels of the linear maps dxfi, ■ ■ ■ ,dxfm- So 
(yi, • • • , yn) € TxX if dxfiivi, . . . , y„) = for ah i. 

On the other hand (xi + yie, . . .,Xn + Vns) € X{R) if and only if fi{xi + 
yi£, . . . ,Xn + Vn^) = for all i. But using basic calculus, we see that these 
two conditions are the same. □ 

So if G is an algebraic group, its Lie algebra is given by the fibre of G{R) 
over e G G{k). Let us illustrate this in some examples. 

Example 5.13. (i) Let us take G = U{n) viewed as a real algebraic 
group. Then Te{G) consists of those I + Ae such that (I + A£){I + 
Ae)* = 1. Expanding this out using = 0, we find that A+A* = 0. So 
Q = u(n) is the Lie algebra of n x n complex skew-Hermitian matrices. 

(ii) Also another example, let us take G = 5L„(C) (or 5'L„(M)). Then 
Te{G) consists of those I + Ae such that det(/ + As) = 1. Expanding 
this out gives tr(A) = 0. 

One advantage of this approach is that it allows us to show that taking 
the Lie algebra commutes with complexification. 
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Proposition 5.14. Let G he a real algebraic group. Then Lie{G)c = 
LieiGc). 

Proof. Let R = M[e]/£^ and let Rc = C[e]/£^. Let us pick an embedding 
G C M". If e + a£ and e + he are two points in i?" which he in G{R). 
Then wc can regard a + i6 as a point in Rj^ and it is easy to see that 
e + (a + ib)£ G Gc{R). This shows that Lie{G)c C Lie{Gc). The converse 
is also easy. □ 

5.4 The root datum 

In this section, we write X = X*{T) for the weight lattice and = X^{T) 
for the coweight lattice of the maximal torus. 

Let g be the Lie algebra of G. By the above results, Q is the complexi- 
fication of 6. We have an adjoint action of G on g, defined as follows. For 
each g E G, we have a conjugation by g map 

G ^ G, ghg~^, 

taking e to e. Taking the derivative at e this gives a map T^G T^G which 
we denote X gXg^^ for X £ q = Te{G). This is the adjoint action. 

When G = GLn{C) and so g = gljj(C), gXg~^ is given by conjugation of 
matrices. Since the adjoint action is compatible with embeddings of groups, 
if G C GLn{C), then the adjoint action of G on g C gtn(C) is also given by 
conjugation. 

We can consider the weight decomposition of g for the adjoint action. 
Let R be the set of non-zero weights of this representation. These are called 
the roots of the group G. Hence we can write 

= 00 e ga 

aeR 

The zero weight space go = tc, the Lie algebra of the maximal torus. 
Since the torus T acts by Lie algebra automorphisms, we see that [ga,g/3] C 
Qa+p for any two roots a, 

Theorem 5.15. For each root a E R, the following holds 

(i) Qa is 1-dimensional. 

(ii) —a is also a root, hut no other Q-multiple of a is a root. 

(Hi) Qa © [0a)0-Q;] ® 0-a forms a Lie suhalgehra isomorphic to s[2(C). 
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(iv) There exists a unique map ipa '■ SL2{C) G, which induces the above 
isomorphism on the level of Lie algebras (this map is either 1-1 or is 
a 2-1 cover). 

We restrict to the maximal torus of 5^2 (C). By construction, 
jpa{C^) C Tc- Hence it gives a coweight of T, which we denote by , and 
call a coroot. We have {a^ , a) = 2. 

Example 5.16. (i) Take G = GL„(C). Then R = {a - ej}i^j and if 
a = Cj — Cj , then Qa consists of those matrices with an entry in the ith 
row and jth column and zeros elsewhere. 

For each a = Ci — Cj, the resulting map (C) GLn{C) consists 
of embedding of 2 x 2 matrices into the i,j rows and i,j columns 
(putting Is on the diagonal away from these rows/columns). Hence 
= Ci — Cj. 

(ii) Another simpler example is to take G = Tc a torus. Then there are 
no roots R = %. 

(iii) A third example is G = SL2{C). Then g = s[2(C) with the conjugation 
action. We can identify X with Z by choosing the isomorphism = 
T given by t i— [ q ^-i ] . Then with this identification the roots R 
are{2, —2} and the coroots are {1, —1}. 

(iv) A fourth example is G = PGL2{C) = GL2(C)/C^ = SL2{C)/{±I}. 
Then q = 3(2 (C) and the conjugation action of 5*172 (C) on 3(2 (C) 
descends to the adjoint representation of PGL2{C). We choose an 
isomorphism =T hy t ioi] a-^d hence identify X with Z. With 
this identification, the roots are {1,-1}. For a = 1, the map ^pa is 
the 2-1 cover 5^2 (C) PGL2{C). On the maximal torus of 5-^2 (C), 
this map becomes 



and so the coroots are {2,-2}. 
For each root a, we define the reflection in a by 

Sa '■ X ^ X, ^ ^ ji — {a^ , fi)a (2) 

Recall that we have a faithful action of the Weyl group on X. Hence we 
can identify W with its image in GL{X). Note that since g is a representa- 
tion of G, the set of roots is invariant under W (just as the set of weights 
of any representation is VF-invariant.) 
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Theorem 5.17. For each root a, Sa ^ W and it is represented byipai^-i o])- 
Moreover the Sa generate W. 

Example 5.18. Continuing with the example of GLn, we have that if a = 
— ej is a root, then Sa is the transposition (ij) in Sn = W, which as we 
mentioned acts on X = by permuting the coordinates. 

The collection (X, i?, X^, i?^) is called the root datum of G (or of K). 
It determines G up to isomorphism. 

The root datum of a reductive group is an example of an abstract root 
datum which is defined as follows. 

A root datum is a 4-tuple {X, R, X^, i?^) with the following structure/axioms. 

(i) X, X'^ are finite rank free Z-modules with a perfect pairing (, ) between 
them. 

(ii) R C X, R^ C X^ are finite subsets, such that if a G .R, then —a G R, 
but no other Q-multiple of a is in R. 

(iii) There is a bijection a between R and R^ , such that {a^ ,a) = 2. 

(iv) We define Sa as in (2). Then, Sa{R) C R and Sa(-R^) C R^ . 

An important result is that the root datum determines the group. 

Theorem 5.19. The above method of associated a root datum to a reductive 
group gives a bijection between isomorphism classes of complex reductive 
groups ( and hence compact connected Lie groups ) and isomorphism classes 
of root data. 

There is also the related concept of root system. 

A root system is a 4-tuplc [V, R, V*,R'^) with the following structure/axioms. 

(i) V, V* are dual finite dimensional R-vector spaces. 

(ii) R C V, i?^ C V* are finite subsets, such that if a G i?, then —a € R, 
but no other M-multiple of a is in R. Moreover, we require that R 
spans V and i?^ spans V*. 

(iii) There is a bijection a between X and X^, such that {a^^ ,a) = 2. 

(iv) We define Sq, as in (2). Then, Sa{R) C R. 

A root datum {X, R, X"^ , R^) has underlying root system, defined as 
follows. Let Q = ZR be the root lattice, which is the Z-span of the roots 
inside X (similarly we define the coroot lattice Q^). Then (Q^^M, R, ®z 
M, i?^) is a root system. 
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5.5 Centre of the group and semisimple groups 

Given K,G, we define 

= {x G (g)z M : {x, a) el for all a e R] 
= {x G (g)z C : {x, a) el for all a e R} 

be the "perp" (or dual) of the root lattice. 

We have the following nice result describing the centre Z{G) of G. 

Theorem 5.20. There is are isomorphisms (as real/complex Lie groups) 

Z{K) - Qi/X'' 
Z{G) ^ Q^/X^ 

Proof. We will prove the result for K. First, by the fact that the maxi- 
mal torus is its own centralizer, Z{K) C T. Examining the adjoint rep- 
resentation, we see that the subgroup of T which acts trivially on g is 
P)^g^ker(Q;), where each a is thought of as a map T U{1). Hence we see 
that Z{K) C Pl^ker(a). In fact, there is equality here, because if t G f]^, 
then the closed subgroup of elements commuting with t will have Lie algebra 
t and hence must be K. 

So Z{K) = naeijker(a). If we think of T = ®z K/X^ then the 
result follows. □ 

A companion result, which we will not prove is the following. 

Theorem 5.21. The fundamental groups of K, G are given as 

7ri(K) = 7ri(G)^XVQ^ 

The rough idea is to note that every element of gives us a loop in 
T since = Hom(C/(l), T). In fact, X"^ = 7Ti{T). However, some of 
these loops are contractible in K. In particular, if is a coroot, then 
the corresponding loop in T is contractible in K, since it factors through 
SU (2) K and SU (2) is simply-connected. 

Some elementary reasoning shows the following. 

Lemma 5.22. The following are equivalent. 

(i) Q and X have the same rank, 
(a) Z{K) and Z{G) are finite and they are equal. 
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(in) TTi{K) is finite. 

When the above equivalent conditions hold, then we say that G (or K) 
is semisimple. In this case, we write X^^ for and we call it the absolute 
coweight lattice. Similarly, 

^ab := (Q^)^ = {x £ X {a'^,x) G Z for all G i?^ 

is called the absolute weight lattice. We have containments 

Also when G is semisimple, then Z{G) = X'^^/X'^ ^ X/Q, since a finite 
abelian group is isomorphic to its Pontryagin dual (here the Pontryagin dual 
of is Yiom{H,U {!))). 

If Z{G) = {1} (equivalently X = Q or = Xab), then we say that G 
(or K) is of adjoint type. If it\{G) = {1} (equivalently = Q ov X = Xab), 
then we say that G (or K) is simply- connected. 

If (y, -R, y*, R^) is an root system, then a semisimple root datum having 
this underlying root system is determined by choosing the lattice X between 
Q and Xab- There are only finitely many such choices and they correspond 
to subgroups of the finite abelian group ^ab/Q- There are two natural 
extremal choices. The first is the adjoint type, where we take X = Q 
and end up with (Q, R, X'^^, R^). The second is the simply-connected type, 
where we take X = Xab and end up with (Xab, R, Q, -R^). 

Example 5.23. (i) If G = PGL2(C), then Q = Z = X (since 1 is a root) 
and so Z{G) = {1}. So PGL2{C) is of adjoint type. 

(ii) If G = 5L2(C), then Q = 2Z and X = Z and so Z{G) = {±1}. So 
SL2{C) is simply-connected. 

(iii) IfG = S'L„(C), then we have X = Z"/Z(l, . . . , 1) andQ = {{ai,...,an) G 
X : "^tti = 0}. So we see that G is semisimple. We have X^ = 
{(ai, . . . , Gn) G Z" : ^ Oj = 0} = Q^. So G is simply-connected. The 
centre of G is isomorphic to X/Q which is Z/n. 

(iv) If G = S02niC), then one can show that there are proper containments 
Q C X C Xab, with Xab/X = Z/4. So S'02n(C) is semisimple, but 
neither of adjoint type nor simply-connected. 

(v) If G = GL„(C), then Q = {(ai, . . . , a„) G Z" : ^ = 0} and 

= {(6i, . . . , 6„) G : 6i - 6,- G Z, for all i,j} 
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We see that lU" ^ C/Z via the map (61, . . . ,6n) ^ We can 
also see directly that Z(GL„(C)) = since it consists of multiples 
of the identity matrix. So GL„(C) is not semisimple. 

Let {X = Xah,R,X^ = ^If) be a simply connected root datum. If 
we choose some lattice Q <Z X' <Z X , then we can define G' = G/ {{X'Y /Q"^) 
and produce a new group whose root datum is (X', R, (X')^, i?^). The map 
G ^ G' is a finite cover and gives an isomorphism on Lie algebras. These 
G' are all the reductive groups whose Lie algebra is g. 

We say a complex Lie algebra is semisimple if it is the Lie algebra of 
a semisimple reductive group. We can summarize the above paragraph as 
follows. 

Theorem 5.24. There is a bijection between isomorphism classes of com- 
plex semisimple Lie algebras and isomorphism classes of root systems, which 
is compatible with the map from a semisimple group to its Lie algebra and 
the map from a root datum to a root system. 

semisimple reductive groups = root data 

i i 
semisimple Lie algebras = root systems 

5.6 Positive systems 

A coweight fj, is called regular if its stabilizer in the Weyl group is trivial 

(equivalently, it does not lie on any root hyperplanes kera C X'^). A subset 
R-]- of R is called a positive system or set of positive roots if there exists a 
regular coweight /j, such that 

R+ = {a e R: (/x, a) > 0}. 

Example 5.25. Take G = GLn{C). Then ji = (/ii, e is regular 

iff / /Uj for all i j. Let us choose [i such that /ii > fj,2 > ■ ■ ■ > Hn- 
Then the set of positive roots is R+ = {cj — ej : i < j}. 

Fix a positive system R4-. A simple root is a positive root a which is 

not a sum of two positive roots. 

Theorem 5.26. (i) R+ U -R+ = R. 

(ii) Every positive root can be written uniquely as a positive linear combi- 
nation of simple roots. 

(Hi) The number of simple roots is the same as the rank of Q. 
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So if G is semisimple, then the number of simple roots is I, the dimension 
of the maximal torus. 

We will write the simple roots as {ai}jg/. If a = X^ie/ ^® ^ positive 
root, then the sum X^jg/ ni is called the height of a positive root a. 

The Cartan matrix is the matrix (with rows and columns indexed by /) 
given by aij = {oil,aj). 

Example 5.27. If G = GL„, then the simple roots are = Cj — ej+i. The 
Cartan matrix is given by 

'2ifi = i 
= < — 1 if |i — j| = 1 
otherwise 

Proposition 5.28. W is generated by the reflections corresponding to sim- 
ple roots Si = Sai ■ The relations among these generators are given as follows. 

(i) si = e. 

(ii) SiSj = SjSi if dij — ciji — 0. 

(iv) SiSjSiSj = SjSiSjSi if{aij,aji} = {-1,-2}. 

^vj SiSjSiSjSiSj — SjSiSjSiSjSi if {a^j ^ Ctjiy — { 1, 3j-. 

The Dynkin diagram is used to record the Cartan matrix. 

Example 5.29. Take G = GLn as before. Then Sj is the transposition 
1). These neighbouring transpositions generate W = Sn- 



6 Flag varieties and the Borel-Weil theorem 
6.1 Coadjoint orbits 

Our goal is to study flag varieties for complex reductive groups. Let us begin 
by viewing them as coadjoint orbits of compact groups. 

The adjoint action of i^T on 6 gives rise to a coadjoint action of K on 
t*. The orbit of X G 6* under this action is called the coadjoint orbit 
through X. (Actually for compact groups, the representations t and t* are 
isomorphic, since wc can always choose X-invariant inner product on 6, so 
it doesn't make much difference whether we speak of adjoint or coadjoint 
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orbits. However, for arbitrary Lie groups, adjoint and coadjoint orbits are 
different and coadjoint orbits behave better.) 

We say that X G t is regular if {X, a) ^ for all roots a. Under this 
hypothesis, we can easily see that centralizer of X in g is t. Hence the 
stabilizer T' oi X in K (for the adjoint representation) will have T as the 
connected component of the identity. I believe that T' is actually connected, 
so that in fact T' = T. However, I'm not sure how to prove this. On the 
other hand, if we take X S t such that X generates a dense 1-parameter 
subgroup of T, then the stabilizer of X in K is definitely T (because T is 
its own centralizer). However, this is a stronger condition than X being 
regular. 

Choose X G t such that the stabilizer of X is T. Then the (co) adjoint 
orbit through X is isomorphic to K/T. Note that K/T is a compact manifold 
of real dimension 

dim K — dim T = dime G — dime Tc = dim g — dim tc = 2|i2+ 1 
6.1.1 Regular coadjoint orbits for U{n) 

. Take K = U{n). Recall that u(n) is the vector space of skew-Hermitian 
matrices and we will somewhat arbitrary think of u(n)* as the vector space 
of Hermitian matrices. Let A G u(n)* be a diagonal matrix with distinct 
real entries Ai,...A„. Then the G orbit through A is exactly the set Hx 
of all Hermitian matrices whose eigenvalues are Ai, . . . , Xn- Such a matrix 
is determined by the eigenspaces Li , . . . , L„ corresponding to these eigen- 
values. Hence wc obtain an isomorphism between fix and the space of all 
orthogonal decompositions of into lines Li, . . . , L„. 

Example 6.1. Take n = 2, then K/T = CP\ the manifold of all lines in 

Now, let us think about it from a different perspective. A flag in C"" is a 
sequence of subspaces = Vq C V^i C • • • C 14 = C" of with dim Vi = i. 
Note that an orthogonal decomposition Li, . . . , L„ determines a flag with 
Vi = Li © • • • © Lj. Conversely, from a flag Vq, . . . , we can recover an 
orthogonal decomposition by setting Li to be the orthogonal complement to 
Vi-i inside Vi. Let FI(C") denote the set of all flags in C". Hence we have 
a bijection K/T ^ FZ(C"). 

Note that a flag (unlike an orthogonal decomposition) is defined in com- 
plex linear algebra terms (no reference to a sesquilinear form) and so FZ(C") 
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carries an action of G = GLn{C). It is easy to see that this action is transi- 
tive and is compatible with the above action of U{n) on the decompositions 
of C" into orthogonal lines. The standard flag is the flag 

C span(t;i) C span(ui, ^2) C • • ■ C span(?;i, . . . , u„) = C" 

where vi, . . . ,Vn is the standard basis for C". The stabilizer of the standard 
flag in C" is the group of invertible upper triangular matrices, which is 
denoted B. So we have a bijections G/B ^ FZ(C") ^ K/T ^ Hx. 

6.1.2 The moment map image 

Return to the general case, with K a compact group and A G t*, such that 
the stabilizer of A is T. Let fix be the coadjoint orbit through A. 
We begin with the following observation about fixed points. 

Lemma 6.2. The set of fixed points for the T -action on K/T is the Weyl 
group W = N{T)/T. 

Proof. Suppose that [k] is a fixed point. Then [tk] = [k] for all t e T. So 
k~^tk G T for all t eT. Hence k lies in the normalizer of T. □ 

So, if we view Hx = K/T, then the fixed points will be given by wX for 
w eW. 

Example 6.3. When K = U{n), W = Sn- The T-fixed points acting on 
the set of orthogonal decompositions £^1 ©•••©£'„ = consists of those 
{Li, . . . ,Ln) where each Lj is a coordinate line. So there is some permutation 
w such that = -E^(j) where Ej denotes the jth coordinate line in C". 

The advantage of viewing K/T as Tix is that it allows us to consider 
the moment map. For our purposes, we define the moment map as the 
restriction of the projection tt : P ^ t* to Hx- 

Note that for each w G W, ^{wX) = wX. 

The coadjoint orbit Tix is a symplectic manifold and tt : 7ix — > t* is 
a moment map in the sense of symplectic geometry. Applying the Atiyah- 
Guillemin-Sternberg convexity theorem from symplectic geometry, we obtain 
the following result. 

Theorem 6.4. The moment map image iriJ-Lx) is the convex hull of the set 
{wX}y,^w 

So this moment map image looks something like a weight diagram. We 
will explain this coincidence later. 
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Example 6.5. Take K = U{n) and A = (Ai,...,An) regular. Then Hx 
is the set of Hermitian matrices with eigenvalues Ai, . . . , A„. The map tt : 

Tlx —J- is the map which takes a Hermitian matrix to its diagonal entries. 
Note that the image of vr lands in the affine subspace given by the sum of 
the coordinates being equal to Ai + • • • + A„ (since that is the trace of any 
matrix in T^a)- 

6.2 Borel subalgebras 

Our goal is now to generalize the K/T = G/B result to arbitrary compact 
groups. We begin with the construction of the Lie algebra of the Borel 
subgroup. 

The Borel subalgebra b and the nilpotent subalgebra n of g are defined as 
b = tc e 5a, n = 0a. 

aG-R-i- a€-R+ 

Example 6.6. Take G = GL„(C) and choose the positive system 

= {e? - ej}i<j 

The Borel subalgebra b of g[„(C) consists of upper triangular matrices 
and the nilpotent subalgebra n C b consists of strictly upper triangular 
matrices. 

We will need some results from the elementary theory of Lie algebras. A 
Lie algebra is called solvable if there exists a filtration g = Qq D gi D ■ ■ • D 
0„ = such that [0i,fli] C Qi+i- A Lie algebra is called nilpotent if there 
exists a filtration = flo ^ 0i ^ • • • ^ 0n = such that [0, 0^] C 0i+i. 

Proposition 6.7. The Borel subalgebra b is solvable and the nilpotent sub- 
algebra n is nilpotent. 

Proof. For the purposes of this proof, we set 0o = tc and declare ht{0) = 0. 
An appropriate filtration is to set 

h= 0a 

aeR+U{0},ht{o')>k 

for A; > 0. Since [0a, 0/?] C 0a+/3 and ht{a + P) = ht{a) + ht{f3), we see that 

The important result about solvable algebras is the following result which 
is known as Lie's theorem. 
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Theorem 6.8. Let V be a finite- dimensional representation of a solvable 
Lie algebra b. Then there exists an eigenvector for the action ofb. (In other 
words, there exists a non-zero vector v E V and a linear map A : b — > C 
such that Xv = X{X)v for all X E b.) 

Proof. Since b is solvable, [b, b] 7^ b. Let H = b/[b,b]; it is an abelian Lie 
algebra. Let a be the preimage in b of any codimension 1 subspace of Ti.. 
Then is solvable and it is also a Lie ideal in b. 

By induction there is an eigenvector v for the action of a. Let A : a ^ C 
be the associated eigenvalue. Let W C V he the A-eigenspace for a. 

We claim that W is b-invariant. Fix Feb. If X G a and w G W, 

XYw = YXw + [X, Y]w = \{X)Yw + X{[X, Y])w. 

So we need to show that A([X, Y]) = 0. To see this, let U = span(u), Yw, Y'^w, . . .). 
This UisY invariant and a invariant. In fact, any X G acts on U upper- 
triangularly with respect to the given basis with constant diagonal entries 
given by A(X). So the trace of X acting on U is A(X)dimC/. Apply this 
reasoning to [X, Y] € 0. Since the trace of [X, Y] is 0, this implies that 
X{[X,Y]) = as desired. 

Now pick y G b \ a. Then YW C W and so Y has an eigenvector in W. 
This will also be an eigenvector for a and hence it will be an eigenvector for 
all of b, since a is codimension 1 in b. □ 

From the previous theorem, we can immediately deduce the following 
corollary. 

Corollary 6.9. Let V be a finite- dimensional representation of a solvable 
Lie algebra b. There exists a basis for V such that every element of b is 
represented by upper-triangular matrices. 

Note that this corollary implies that the only irreducible representations 
of a solvable Lie algebra are 1-dimensional. 

In the case of our Borel subalgebra, we get a strengthening of the above 
theorem. First, note that [b, b] = n since if X G Qa, there exists if G t 
such that a{H) / and so [-ff, -'^J = a(H)X is a non-zero multiple of X, 
which implies that X G [b,b]. Combined with the observation that the 
commutator of upper triangular matrices is strictly upper triangular, we 
obtain the following result. 

Corollary 6.10. Let V be a finite- dimensional representation of the Borel 
subalgebra b. Then there exists a basis for V such that every element of b 
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is represented by upper-triangular matrices and every element of n is repre- 
sented by strictly upper triangular matrices. In particular, all elements ofn 
act nilpotently. 

6.3 Iwasawa decomposition 

We begin with the Iwasawa decomposition (also known as KAN decom- 
position) of GL„(C). The algebraic subgroup of upper triangular matrices 
in GLn{C) is called the Borel subgroup and is denoted B. The algebraic 
subgroup of upper triangular matrices in GLn{C) with Is on the diagonal is 
called the unipotent subgroup and is denoted N. 

Theorem 6.11. Let G = GLn{C), K = U{n) and let N be as above. Let 
T be the usual maximal torus of diagonal matrices and let A be the Lie 
subgroup of Tq consisting of diagonal matrices whose entries are positive 
real numbers. 

Then every element of g can be uniquely factored as kan with k & K, 
a E A, and n & N. Moreover, multiplication gives a diffeomorphism K x 

AxN ^G. 

Proof. Given a matrix g G GLn(C) we get an ordered basis by looking at 
its columns. Applying the Gram-Schmidt process to this basis gives us an 
orthonormal basis, which gives us a unitary matrix k. When we apply Gram- 
Schmidt, wc arc effectively taking g and multiplying on the right by ^A'' [N 
adds vectors to earlier vectors and A scales the vectors to make them unit 
length) and obtaining k. This shows existence. 

The uniqueness follows from the fact that AN P[K = {1} and AnN = 
{!}■ 

The multiplication map is a diffeomorphism, since the Gram-Schmidt 

process gives a smooth inverse. □ 

Now, wc want to do this for an arbitrary group. Let A be a compact 
Lie group and G be its complexification, as usual. We need to define N and 
A. A is easy to define since it just has to be a real Lie subgroup, while N is 
harder since it is an algebraic subgroup. 

Let A be the Lie subgroup of Tc corresponding to the Lie algebra ii. If 
we think of Tc = t ® C/A , then A = it/A. On the other hand if we think 
of Tc = SpecC[A:*(r)], then 

A = {teTc: ix{t) G M>o for all ^ € X*(T)]. 

The following result gives the Iwasawa decomposition for G. 
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Theorem 6.12. There exists an algebraic subgroup B of G whose Lie al- 
gebra is b and an algebraic subgroup N whose Lie algebra is n. B is the 
semidirect product of Tc and N, B = Tc « N. 

Every element of G can be written uniquely as a product kan with k £ 
K,a € A,n & N. The multiplication map KxAxN^Gisa diffeomor- 
phism. 

As before B is called the Borel subgroup of G and N the unipotent 
subgroup. 

We begin with the following preliminary. Let G be a complex algebraic 
group and let g be its Lie algebra. From the theory of Lie groups, we have 
an exponential map q ^ G, but this map is not in general a map of algebraic 
varieties and hence not a map of algebraic group. However, for the unipotent 
subgroup of GL„(C), we do have an algebraic exponential map. This leads 
to the following result. 

Lemma 6.13. Let N denote the unipotent subgroup of GLn{C) and n the 
nilpotent Lie subalgebra o/0[„(C). If a is a Lie subalgebra of n, then there 
exists an algebraic subgroup A of N whose Lie algebra is a. 

Proof. Define 

exp : n ^ iV, X ^ I + X + ■■■ + — ^— X"-^ 

(n — 1)! 

(note that X^ = 0, so this is actually the restriction of the usual exponential 
map). This is a polynomial map and an inverse is given by 

log : iV ^ n, 5 ^ (5 - 1) - 1(5 - 1)2 + ... ± -L_^g _ i)n-i 

So we have an isomorphism of algebraic varieties. 

Now let C n be a Lie subalgebra. Since exp is an isomorphism of 
varieties, then A := exp(o) is a subvariety of A^. So it remains to show that 
it is a subgroup. There are two possible approaches to showing this. One 
is to note that the exp map we have defined coincides with the usual exp 
map from Lie groups. Then a standard result from Lie groups shows that 
there exists a Hausdorf neighbourhood U of the identity in such that if 
g,h e A and g,h E U, then gh G A. So consider the map m : A x A ^ N 
given by multiplication. The intersection V = U Ci A x U D A is Hausdorf 
open in A X A and hence Zariski dense in A x A. Since V C m^^{A), and 
m~^{A) is Zariski-closed, we conclude that A x A = m~^(A) as desired. 
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Alternatively, we can give a purely algebraic proof using the Baker- 
Campbell-Hausdorff formula which shows that for X,Y e n, 

exp(X) exp(y) = exp(X + Y-^[X,Y] + ...) 

□ 

Proof. To prove this theorem, we will need to assume that K admits a faith- 
ful finite-dimensional algebraic representation, so it is actually an algebraic 
subgroup of U{n) for some n. This is possible to prove. First, by considering 
(K) (which is a faithful, infinite-dimensional, unitary representation) and 
doing a little bit of functional analysis, it is possible to construct a finite- 
dimensional faithful representation. Next, we would have to show that it is 
algebraic. 

Anyway, with the assumption, let us choose such a representation. Be- 
cause it is a faithful representation of K, it will be a faithful representation 
of G. 

This will also be a representation of b, the Borcl subalgcbra. By Corol- 
lary 6.10, we can choose a basis vi,...,Vn such that b acts by upper- 
triangular matrices and n acts by strictly upper-triangular matrices. Apply- 
ing the Gram-Schmidt process, we can choose this basis to be orthonormal. 

Note that T C K acts semisimply and hence t does as well. Since tcb, 
we see that t must act by diagonal matrices. Thus when we choose the 
maximal torus T„ of U (n) using the above basis, we see that T embeds into 
Tn and Tc embeds in Tc^^. 

Let Nn denote the unipotent subgroup of GL„(C) and n„ the nilpotent 
Lie algebra of 0[„(C). Since n is a Lie subalgebra of n„. Lemma 6.13 shows 
us that there is an algebraic subgroup N C Nn whose Lie algebra is n. Now 
Tc,n normalizes N, so Tc does as well. Because Tc normalizes N, B = TcN 
is a subgroup of G and is a semidirect product. It is an algebraic subgroup 
since it is the product of Tc and N. 

Now, we must show the decomposition. First, note that the map K x 
A X N ^ G is a diffeomorphism onto its image, since K C U{n), A C An 
and N C Nn and we have the Iwasawa decomposition (Theorem 6.11) for 
GLniC). 

It remains to show that it is surjective. To see this, note that 

dimM(K X Ax N) = dimT^{K) + dim]K(T) -|- dim]R(A^) = dime G + l + 2m 

where m = \R+\ and / = dim^T. Since I + 2m = dimcfl, we see that 
dimK(i^ X ^ X A'') = dim^ G. 
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Hence it follows that the image is all of G (note that since the multipli- 
cation is a diffeomorphism, the image is closed in G). □ 



6.4 Flag varieties 

Our goal now is to use the above results to define flag varieties for any 
reductive group. We begin with some algebraic geometry background. 

Up until now, we have only been speaking about affine varieties. We 
will now need to expand our attention to projective varieties. Let P" = CP" 
denote complex projective space. It is the set of lines in C""'"''" or equivalcntly 
non-zero elements of C"^^ modulo the equivalence relation of scaling. A 
point in P" is written as [xq, . . . , Xn\. If / is a homogeneous polynomial in 
n + \ variables, then we can consider its vanishing set V{f) in P", which is 
defined as 

^(/) = {N, ■■■,Xn\: f{xo, ...,Xn)= 0}. 

A projective variety is the simultaneous vanishing set of a collection of homo- 
geneous polynomials. A quasi-projective variety X is a Zariski-open subset 
of a projective variety (this means that there are two projective varieties 
Y, Z with Z cY and X = Y ^ Z). Note that a quasi-projective variety X 
has a Hausdorff topology inherited from the topology of P". If X is smooth 
as a variety, then X acquires the structure of a smooth manifold with re- 
spect to the Hausdorff topology. A general result from complex algebraic 
geometry tell us that a quasi-projective variety is projective if and only if it 
is compact in the Hausdorff topology. 

Let G be a connected algebraic group and let H he a closed subgroup. 
A quotient G/H is a complex variety X with a point x E X such that G 
acts on X (i.e. there is an action such that G x X ^ X is a morphism of 
algebraic varieties) which is universal in the sense that for all varieties Y 
with G-action and point y GY whose stablizer contains H, there is a unique 
G-equivariant map X ^Y, taking x to y. 

The following result gives us the existence of quotients. 

Theorem 6.14. Let G be an algebraic group and let H be a closed sub- 
group. Then a quotient G/H exists as a smooth quasi-projective variety. Its 
underlying set is the right H-cosets in G. 

Now, we define the flag variety of G as the quotient G/B. By the above 
theorem it has the structure of a quasi-projective variety. 

Theorem 6.15. There exists a diffeomorphism G/B = K/T. The flag 
variety is compact and is a projective variety. 
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Proof. We define a map K/T — > G/B using the inclusion of K into G. The 
map is well-defined since T C B. We define a map backwards G/B ^ K/T 
using the Iwasawa decomposition. So if 5 = kan € G, then g ^ k. This 
map is well-defined since B = TAN (we already know that B = T^N and 
we can see that Tc = TA by examining the case T = U (1)"). This gives us 
the diffeomorphism G/B ^ K/T. 

Since K is compact, K/T is compact and so G/B is compact in the 
Hausdorff topology. So it is a projective variety. □ 

Example 6.16. The flag variety of GL„(C) has already been discussed. Let 
us consider as a second example, G = S02n{C). An isotropic flag in C^"^ is 
a flag 

= Fo C C • ■ • C F„ C F_n C ■ • • y_i C C^" 

such that for all i, = V-i. 

We leave it as an exercise to check that the flag variety for S'02n(C) 
embed into the set of orthogonal flags in C^" . In fact the set of all orthogonal 
flags in C^** is disconnected as a topological space and the flag variety for 
S'02n(C) is one connected component. 

Recall that we already showed that if Ti was a regular coadjoint orbit, 
then l-L = K/T. Thus we have shown that all regular coadjoint orbits are 
isomorphic to G/B. 

More generally, a subgroup P C G is called a parabolic subgroup if G/P 
is projective. There is a nice combinatorial theory of parabolic subgroups, 
but we will not develop it during this course. We will content ourselves with 
stating the following result which partially explains the importance of the 
Borel subgroup. 

Theorem 6.17. A subgroup P C G is parabolic if and only if it contains a 
conjugate of B. Hence any projective variety with a transitive action of G 
is isomorphic to a quotient of the flag variety. 

6.5 Borel- Weil theorem 

Recall that we showed that taking characters gives an injective map Rep{K) - 
Z[X]^. Moreover, wc showed that there was an isomorphism between 
Rep{G) and Repaig{K), the representation ring of algebraic representations 
of K. So our situation is as follows. 

Rep{G) C Rep{K) C Z[X]^ 

Our goal now is to show that these two inclusions are equalities. 
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In the case of K = U(n), we proved that these were equaUties by ex- 
phcitly constructing representations V{X) for every dominant weight A. We 
will now do this for every group. 



6.5.1 Dominant weights 



We begin by defining the set of dominant weights, as 



X+ := {X e X : (a^, A) > for all positive coroots a^} 



Then we define an ordering < on. X and X+ by A > /Li if A — lies in the 
root lattice Q. 

For each A G X+, we define the monomial symmetric function by 



Lemma 6.18. The monomial symmetric functions gives a basis [mx 



Proof. The statement is equivalent to showing that there is exactly one 
dominant weight in every Weyl orbit on the weight lattice. 

Suppose that ^ is a Weyl orbit on the weight lattice. Choose /j, € A 
such that fi is maximal with respect to <. Then Sq^u < fi for all positive 
coroots a. Hence {0^,11) > for all positive roots . Thus /x is dominant. 
So every Weyl orbit contains a dominant weight. 

Now, suppose that A G X+. We would like to show that if w € W and 
wX is dominant, then wX = X. We will content ourselves to discussing the 
case when A is regular (i.e. (a^,A) 7^ for all coroots a^). Then it follows 
from the fact that the Weyl group acts simply-transitively on the set of Weyl 
chambers. □ 

We say that a representation V oi G has highest weight X & X, if 

(i) Vx 0, and 

(ii) For all fj, e X such that Vf^ 0, fi < X. 

In this circumstance, we call V a highest weight representation. 
Lemma 6.19. IfV has highest weight X, then X is dominant. 



mx= ^ e". 




for Z[X] 



w 
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Proof. Let a G R+ be a positive root. By Proposition 4.10 the character of 
V is invariant under W. Thus, since 7^ 0, we see that VgaX 7^ 0. Since A 
is the highest weight, this means that A > SqA. Hence A — Sq,A € Q+. 

Now, A — SqA = (a^, X)a and hence we conchide that {a^ , A) > 0. Since 
this holds for all positive roots, A is dominant. □ 

6.5.2 Highest weight vectors 

Let y be a representation of G and let v G F be a non-zero weight vector. 
We say that v is a highest weight vector ii gv = v for all g E N. 

Lemma 6.20. v is a highest weight vector iffYv = for all Y E n. 

Proof. Consider the exponential map as in the proof of Theorem 6.13. □ 

Let us now tic together the notion of highest weight representation and 
highest weight vector. 

Lemma 6.21. Let V be a representation of highest weight A and let v 
be a non-zero vector. Then v is a highest weight vector. 

Proof. Let Y & Qa for some positive root a. Then Yv G But since V 

has highest weight A, V^+q; = 0. Thus, Yv = 0. Hence Yv = for all y G n 
as desired. □ 

The same method of proof allows us to prove the following result. 

Lemma 6.22. If V is a non-zero representation of G, then V contains a 
highest weight vector whose weight is dominant. 

Proof. Choose A to be a maximal element of the set of weights of V . By 
this we mean, choose A such that Va 7^ and if > A, then V"^ = 0. (Since 
< is a partial order, this is not the same thing as A being the highest weight 
of the representation.) Then we pick f G Va non-zero and proceed as in the 
proof of the previous Lemma. 

Note that A is neccesarily dominant, since if not, then there exists a 
positive root a such that (q;^,A) < 0, which implies that s^A > A, which 
is a contradiction since V^^a 7^ (by the fact that the character is Weyl- 
invariant) . □ 

Corollary 6.23. Let V he a representation. If dim = 1, then V is 
irreducible. 
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Proof. Suppose that V = Vi (B V2 for two non-trivial subrepresentations 
Vi,V2. Then dim = dim Vf + dim > 2, a contradiction. □ 

The converse of this theorem is true as well, but we are not yet in a 
position to prove it. 

If is a vector space, then we write ¥(V) for the projective space of 
1-dimcnsional subspaces of F. If C 1^ is a subspace, then P(VF) C F{V) 
is a called a projective subspace of P(y). 

Theorem 6.24. Let V be a representation with a highest weight vector v. 
Then there is a map G/B ^ ¥{¥) taking [g\ to [gv\. 

Moreover, ifV is irreducible, then the image of G/B in P(F) lies in no 
proper projective subspace. 

Proof. We observe that G acts on P(F). The stabilizer of [v] contains N 
since f is a highest weight vector. Also every element of T acts on by a 
scalar and hence acts trivially on [v]. Thus, the stabilizer of [v\ contains B 
and so we have a map G/B P(F). □ 

Thus, for every representation, we can choose a highest weight vector 
and get a map from G/B to a projective space. So this motivates us to 
study maps from G/B to projective space. 

6.5.3 Line bundles on projective varieties 

We will need to review some results concerning line bundles on projective 
varieties. 

A line bundle on a complex variety X is a variety L with a map tt : 
L ^ X, such that X admits a cover by open affine varieties along with 
isomorphisms TT~^{Ua) Ua x C, compatible with the projections to Ua, 
such that the transition functions are linear along the fibres. 

L is a called the total space of the line bundle. Each fibre := 7r~^(x) 
carry the structure of a 1-dimensional complex vector space. Natural oper- 
ations on 1-dimensional vector spaces go over to operations on line bundles 
as follows. If L is a line bundle, then there is a dual line bundle L* whose 
fibre at a; is L* . If L, L' are two line bundles, then L L' is the line bundle 
whose fibre at x is L^; (g) L^. 

A section of L is a map of varieties s : X ^ L, such that vr o s is the 
identity. In other words, a section is a way of picking an element s(x) G 
in each fibre. The set of all sections T{X, L) forms a complex vector space. 

We will now study the relationship between line bundles and maps to 
projective space. First, let us discuss line bundles on projective space. Let 
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F be a vector space. On P(F), we have two natural line bundles 0(—l) and 
0(1), which are defined as follows. The fibre of 0(-l) at a point £ G F{V) 
(here £ is a 1-dimensional subspace of V) is £ itself. So the total space of 
0{—l) is described as follows. 

0(-l) = {{v,e) :veV,ee P(y), and vet} 

The line bundle 0(1) is defined as the dual of 0(— 1), so its fibre at ^ is 

The following basic result from algebraic geometry will be quite impor- 
tant to us. 

Proposition 6.25. The spaces of sections o/0(l) and 0(— 1) are given as 
follows. 

T{F{V),0{1)) = V*, r(P(F),0(-l)) = 

Proof. We will content ourselves with explaining how to construct the map 
from V* to T(F{V), 0(1)). Given a G V*, we get a section Sa of 0(1) whose 
value at £ & F(V) is a\i, the restriction of a to i C V. It is not hard to 
check that this is an isomorphism. □ 

Suppose that X is a projective variety and we are given a map p : X ^ 
¥{V). Then we can consider the pullback of 0(1) under this map, which 
we denote by Ox,p(l) (or just 0(1) for short). By definition, the fibre of 
Ox,p(l) at X is the fibre of 0(1) at p{x). We can pullback sections of 0(1) 
to get a map V* r{X, 0(1)). 

We recall the following terminology from algebraic geometry. A linear 
system on X is a triple (L, V, i) where L is a line bundle on X, V is a vector 
space and i : V* ^ ^{X, L). A linear system is called base-point free if for 
all X G X, there exists a € V* such that i(a){x) ^ 0. 

We can now state the main result of this section. 

Theorem 6.26. Fix a vector space V and a projective variety X. There is 
a bijection between maps p : X ^ F{V) and base-point free linear systems 
{L,V,i) on X (up to isomorphisms of L). 

Proof. Given p : X ^ ¥{V) we have already seen how to produce the map 
i -.V* ^ T{X, 0(1)). It is base-point free, since for all x £ X, p{x) is a line 
in V and hence there exists a £ V* which pairs non-trivially with this line. 

Conversely, given (L, V, i), we can define a map p : X ^ F{V) as follows. 
We think of points in ¥{V) as hyperplanes in V* and define, 

p{x) = {aeV* : i{a){x) = 0} 
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Since our linear system is base-point free, p{x) is actually a liyperplane in 
V* for each x & X. 

It is easy to see that these constructions are inverse to each other. □ 

A map p : X ^ f{y) is called non-degenerate if its image is not con- 
tained in any projective hyperplane in P(y) (equivalently any proper pro- 
jective subspace). 

Proposition 6.27. If p : X ^ P(y) is non-degenerate, then i : V* ^ 
T{X,0{1)) is an inclusion. 

Proof. Let a € V*. If a gives in r{X,0{l)), then a restricts to on 
p{x) C V for all X € X and so p{x) G a"*" for all x & X. Since p is non- 
degenerate, this implies that a = 0. □ 

6.5.4 Line bundles on flag varieties 

We have seen that if V is an irreducible highest weight representation of 
G, then we get a non-degenerate map G/B ^ ¥{y). By the above results, 
these correspond to base-point free linear systems on G/ B with injective i. 
So in order to construct these representations, we should start by looking 
for line bundles on G/B. Actually these line bundles will be G-equivariant. 

Let X be a projective variety with an action of a group G. A G- 
equivariant line bundle on X is a line bundle L with an action of G on 
the total space of L, which is linear on fibres and compatible with the ac- 
tion of G on X. In other words, for each g E G and x E X, we are given 
a linear map Lx — > Lg^. In particular, the fibre Lx carries an action of the 
stabilizer of x in G. 

If L is a G-equi variant, then there is an action of G on the space of 
sections T{X,L), given by 

{g-s){x) =gs{g~^x) 

foi g £ G,s £ T{X, L), and x £ X. A G-equivariant linear system is a linear 
system (L, V, i) where the line bundle L is G-equivariant and the vector 
space V carries a compatible action of G. We can extend Theorem 6.26 to 
the equivariant setting as follows. 

Theorem 6.28. Fix a vector space V and a projective variety X, both of 
which carry actions of a group G. There is a bijection between G-equivariant 
maps p : X ^ P(F) and G-equivariant base-point free linear systems (L, V, i) 
on X (up to isomorphisms of L). 
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In the setting of Theorem 6.24, the projective space ¥(y) will carry a G 
action coming from the G action on V and the map G/B ^ P(F) will be 
G-equivariant. 

Now, suppose that X has a transitive action of G. We pick x ^ X and 
let H be the stabilizer of x in G. Thus, X = G/H. Suppose that L is 
a G-equivariant line bundle on X. Then the fibre is a 1-dimensional 
representation of H. 

Proposition 6.29. The above construction gives an equivalence of cate- 
gories between the category of G-equivariant line bundles on G/H and the 
category of 1-dimensional representations of H. 

Proof. We have already seen how to go from a G-cquivariant line bundle on 
X to a 1-dimensional representation of H. Conversely, given a 1-dimensional 
representation W of H, we define a line bundle L whose total space is 

L = GxhW ■.= {[g,w]H} 

where [g,w]H denotes the equivalence class for the equivalence relation given 
by the diagonal H action. In other words, [g,w]H = [gh~^ , hw]H for all 
heH. 

There is a map L ^ G/H given by [g,w]H '—>■ [g]- is a G-equivariant 
line bundle on G/H where G acts on L via g'[g, w] = [g'g, w]. □ 

The above results suggest that we focus on the 1-dimensional represen- 
tations of B. 

Let A € X be a weight. So A defines a 1-dimension representation 
C(— A) of T. We can extend this to a 1-dimensional representation of B by 
using the map B ^ B/N = T. These are actually all the 1-dimensional 
representations of B, since = [B,B] (in fact, these arc all the irreducible 
representations of B). We let L{X) = G Xb C(— A) denote the associated 
line bundle on G/B. 

Example 6.30. Let G = GLn and let A = (Ai,...,A„) be a dominant 
weight. Recall that a point in the flag variety G/B is a flag = Vq C C 
. . . C F„ = C". The fibre of L(A) at this point V, is 

(Vl/Vb)®-^1 ® • • • {Vn/Vn-l)^->^". 

To see this, just note if V, = E, is the standard flag, then B acts on this 
line with via the representation —A. 

We are now in a position to state the Borel-Weil theorem. 
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Theorem 6.31. If X is a dominant weight, then V{X) := T{X, L{X))* is 
an irreducible representation of G with highest weight X. These are all the 
irreducible representations ofG. 

If X is not dominant, then T{X,L(X))* = 

Example 6.32. Take G = SL2, so G/B = The line bundle 
on carries a natural G-equivariant structure and hence it corresponds 
via 6.29 to the 1-dimensional representation of B on the line over the point 
[1,0] G P^. This line is precisely the span of (1,0) and hence it is the 
representation of B coming from the weight 1. Thus 0{—l) = L(— 1). 

More generally L(n) = 0{n), the nth tensor power of 0(1). A general- 
ization of Proposition 6.25 tells us that r(P^,0(n)) = Sym^G"^, the space 
of homogeneous polynomials in two variables of degree n. 

Thus, in the case of SL2, the Borcl-Wcil theorem is telling us that the 
irreducible representation of SL2 are Sym'^C'^. 

We begin by proving part of the theorem. 

Theorem 6.33. Let V be an irreducible representation of G. Then there 
exists a dominant weight X such that V = V{X). 

Proof. By Lemma 6.22, V has a highest weight vector v. Let A be the weight 
of V. Hence we get a non-degenerate G-equivariant map 

G/B ^ P(y), [g] ^ [gv] 

from the flag variety to projective space (Theorem 6.24). Let L denote the 
pullback of 0(1) under this map. Hence we get an injective G-equivariant 
map V* T{G/B,L) (Proposition 6.27). 

L is a G-equivariant line bundle and so it is determined by the action 
of B on the fibre at [1] (Proposition 6.29). By the definition of 0{1), the 
fibre Lj^j is span(t;)* and hence it is the representation C(— A) of B. Thus 
L = -L(A). Collecting this altogether we obtain a injective G-equivariant 
map 

V* ^T{G/B,L{X)) = V{Xy 
or equivalently a surjective G-equivariant map 

V{X) V 

Since V{X) is irreducible, this map is an isomorphism. □ 

Another way to prove this result is to think about characters and to note 
that the characters xx of F(A) give a basis for Z[X]^. 
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6.6 Bruhat decomposition 

In order to prove the Borel-Weil theorem, we will first need to understand 
the Bruhat decomposition. 

First, we introduce some notation. Let be the opposite unipotent 
subgroup of G. It is constructed just like A'^, except that its Lie algebra is 
n_ = ©aeil-fla- Then for w eW,we set Nyj = N n wNw~'^. 

Note that the Lie algebra of Nyj is 

n^t, = n n wn-w~^ = ®aeR+nwR-Qa 

We define the length l{w) of w to be the size of the set R+HwR-. This is 
the same thing as the minimal length of an expression f/; = s^^ . . . s^j, where 
each Si. is a simple reflection. 

The Weyl group has a unique longest element, denoted wq, which has 
the property that wqR- = R+- So Nyj^ = N. 

We have the exponential map exp : n ^ N which is an isomorphism of 
varieties and it restricts to give an isomorphism riw Nw In particular, 
we see that is isomorphic as a variety to C'^"'). 

In order to state the Bruhat decomposition, let us pick a representative 
w for each w G W. 

Theorem 6.34. Every element of g can be written as g = bwb' for b G Nyj, 
b' € B and w E. W. This expression is unique in two ways. 
First, if 

biwib'i = b2W2b'2 

for 5i, 62 G B, then wi = W2 ■ 
Second, if 

biwb'i = b2wb'2 
for 61, 6'i € Nyj ,b2, b'2 £ B, then b\ = b'l and 62 = &2- 

Proof. We will prove this theorem for GLn only. Let us start by giving 
a desription of Nyj. We have that Nyj consists of those upper-triangular 
matrices with Is on the diagonal, whose i,j entry is if w~^{i) < ■w^^{j). 

Now take g G GLn- We begin by looking at the first column of g. Take 
the lowest non-zero entry, say that it is in the jth row. By multiplying g on 
the right by an element of T we make this non-zero entry equal to 1. Then 
by multiplying g on the right by an element ofA^, wc perform rightward 
column operations to make the rest of the j row equal to 0. Then we add 
the jrow to earlier rows by left multiplying by an element of and make 
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the rest of the first column equal to 0. Continuing in this way, we reduce 
our element of G to a permutation matrix w. 

This shows us that G = UNwB. To get the more refined statement, we 
just note that we can restrict the row operations that we perform to those 
that lie in Nyj. □ 

The geometric counterpart of the Bruhat decomposition is the decom- 
position of the flag variety into Schubert cells. Recall that for each w € W, 
we can consider w G G/B and that these are precisely the T-fixed point on 
the flag variety. Now given w G W, we call = Bw, the Schubert cell for 
w. Its closure = X^ is called the Schubert variety for w. 

As a consequence of the Bruhat decomposition, we have the following 
result. 

Theorem 6.35. There is a decomposition G/B = UX^. Moreover, Nyj = 
X° and in paHicular, X° ^ C'("'). 

As a consequence of this theorem, X^^ is an open dense subvariety of 
G/B. It is called the big cell and it is isomorphic to N. 

6.7 Schubert cells and varieties for GL„ 

In the case of G = GLn, it is possible to give a linear algebra descrip- 
tion of the Schubert cells. Let C ¥l C • • • C F„ = C") and Wq C 
Wi C • • • C Wn = C^' be two flags. Then we can consider the matrix 
A = (dim Vi n M^j)^^^^.^^ where we record all dimensions of intersections 
between the two flags. 

Lemma 6.36. For each pair of flags V,,W,, there exists a permutation w 

such that the matrix of intersection dimensions is given by Aij = ^ of k < 
j such that w{k) < i. In other words, Aij equals the number of 1 left and 
right from {i,j) in the permutation matrix for w. 

Under the circumstance of the Lemma, we say that V» and W, are in 
relative position given by the permutation w. 

Let us write E, for the standard flag and wE, for the lu-permuted stan- 
dard flag. So 

wEi = span(e^(i)) C wE2 = span(e^(i), e^(2)) C • • • C C 

From the definition, we immediately see that E, and wE, are in relative 
position w. 
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Proposition 6.37. consists of those flags V, such that E, and V, are 
in relative position w. 

Proof. First we will show that if V, lies in , then it is in relative position 
w with respect to E,. To see this, we know that V, = bwE, for some b e B. 
Then 

dim EiOVj = dim Ei n bwEj = dim bEi Ci bwEj = dim Ei D wEj 

since Ei is invariant under b, and b is invertible. Thus we see that E, and 
V» are in relative position w. 

Conversely, suppose that F, has relative position w with respect to E,. 
Then since G/B = U^ewX^, we see that V, G X° for some u. By the above 
analysis, we see that E, and V, are in relative position u. Hence u = w and 
we are done. □ 

We can also give a linear algebra description of the closure of a Schubert 
ceU. 

Proposition 6.38. 

X^ = {V, e G/B : dim Ei n Vj > j 

where 

A^j = # of k < j such that w{k) < i 

6.8 Proof of the Borel-Weil theorem 

We begin with the following lemma. 

Lemma 6.39. Let w £ W and let A G X. The action of T on the fibre of 
L{\) over the point w G G/B is by weight —w~^X. 

In particular, T acts on the fibre over wq by A* := —wqX. Note that A* 
is dominant if and only if A* is dominant. 

Proof. By definition the fibre over w is : s G C(— A)}. Hence for 

t G T, 

t[it;,s] = [tw,s] — [tu{w^^tw), s] = [w, {—X){w~^tw)s] = {—w^^ \){t)[w, s] 
as so the result follows. □ 
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Example 6.40. Consider the case G = GLn- Then the point w in G/B is 
the flag wE,. Hence applying Example 6.30, the fibre of L(A) at wE, is 

span(e^(i))"^i • • • (g) span(e^(„))"'^" 

on which T acts by 

(ti, . . . ,t„) H^- i^-l(^) • • 

which is the weight —wX. 

Given a section s G T{G/ B, L{X)), we can restrict s to the big cell 
X^^ = N. This idea will be the key to everything which follows. 

Proposition 6.41. diuiF {G/B,L{X))^ < 1. Moreover, if s G dim.T{G / B,L{X))^ , 
then s has weight A*. 

Proof. Let s € T [G / B , L{X))^ . Then s is determined by its restriction to 
the big cell X^^, since the big cell is dense. Since N acts transitively on the 
big cell, s is determined by its restriction to any one point in X^^ . In other 
words, for any x G X^^, the map 

r(G/i?,L(A))^^L(A), 

is injective. Since the right hand side is one-dimensional, the left hand side 
is at most 1-dimensional. 

Moreover, if we choose x = wq, then since the above restriction map is 
T-equi variant, we see that s has weight A*. □ 

Prom this, we apply Corollary 6.23 to obtain the following. 

Corollary 6.42. If T {G / B , L{X)) / 0, then T {G / B , L{X)) is an irreducible 
representation. 

It remains to show that the space of sections in non-zero if and only if A 
is dominant. Let us first see why A being dominant is a necessary condition. 
Prom the proof of 6.41, we have a T-equivariant inclusion 

V{G/B,L{X))^T{Xl^,L{X)) 

Since X^^ is an afiine space, the right hand side is very easy to understand. 
(Note that the above map is not G-equi variant, since G does not act on the 
right hand side, as it docs not preserve XjJ.^ . On the other hand, it is possible 
to define a g-action on T{X^^,L{X)) such that this map is g-equi variant.) 
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Proposition 6.43. As a T -representation, r{X^^, L{X)) is isomorphic to 
Sym{n*) C(A*) 

Proof. We can use the transitive A'' action on X^^ to trivialize the line 
bundle L(A) over X^^, as follows. We have an isomorphism of T-equivariant 
line bundles 

iVxC(A*)-L(A)Uo^ 

by (n, s) I— > ns. 

Thus we can compute the space of sections of the trivial line bundle 
on (which is just 0{N)) and then tensor with the 1-dimcnsional T- 
representation C(A*). 

Since N = n,we see that 0{N) = Sym(n*) and so the result follows. □ 

In particular, the weights of T{X^^,L{X)) are all of the form A* — /j,, 
where /x G Q+. In fact we see that dimT{X^^, L{X))x*-i_i is the number 
of ways to write ^ as a sum of positive roots. This number is called the 
Kostant partition function of fj, and is denote kpf(//). 

Because of the inclusion 

r(G/i?,L(A))^r(xO„,L(A)) 
we see that the weights of r(G/S, L(A)) are all of the form A*— for ^ G Q+. 

Corollary 6.44. IfT{G/B,L{\)) 0, then it has highest weight A*. If X 
is not dominant, then V{G / B,L{X)) = 0. 

Proof. Suppose that V{G/B,L{X)) ^ 0, then it has a non-zero AT-invariant 
vector, which is of weight A* by Proposition 6.41. Combining this with the 
above description of the weights oiV{G/B,L{X)), we sec that T{G / B,L{X)) 
has highest weight A*. Hence by Lemma 6.19, we conclude that A* (and 
hence A) is dominant. □ 

From the above analysis, wc also sec that 

dimr(G/i?,L(A))A*-;,<kpf(M) 

for |Lt G <5+. 

Duahzing, we see that the weights of T{G/B,L{X))* are all of the form 
II + wqX for fj, G Q+ and that 

dimr(G/S,L(A))*+^„,<kpf(M). 
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Since the dimensions of the weight spaces of G-representations are W- 
invariant, we see that all the weights of T{G/B, L{X))* are of the form X — fi 
for fj, G and that 

dimr{G/B,L{x))l_^<kp^{^i). 

More generally, we get a bound on the weight spaces for each w &W as 
follows. 

diuiF {G/B,L{X))l < kpf(/Lt), ii = wX- wfj, and fJ, e Q+ 
6.8.1 Existence of a section 

To complete the proof of the Borel-Weil theorem, it suffices to prove that if 
A is dominant, then T{G/B,L{X)) 7^ 0. 

More precisely, we will prove the following statement. 

Theorem 6.45. Let X be a dominant weight. Let s be a non-zero N- 
invariant section of L{X) over X'^^. Then s extends to a section of L(X) 
over all of G/B. 

Proof. We begin with the case of G = SL2, so = Wc think of 
as U U 00 and let us set things tis so that 00, are T-fixed points, with 
00 = 1, = Wo as Weyl group elements. 
We write A = n G N. Then L(A) = 0{n). 

We can think of the line bundle 0{n) being glued from trivial line bundles 
over \ 00 and P^ \ 0. More explicitly, we write 

r(P^ \ 00, 0(n)) = C[z], r(P^ \ 0, 0{n)) = z^C[z-^] 

The section s above can be then taken to be the constant polynomial 1 G 
C[z]. Thus it extends over P^ 

Now, our strategy is to reduce to the SL2 case. We will need the follow- 
ing rcsTilt from algebraic geometry, which is sometimes known as Hartog's 
theorem. 

Theorem 6.46. Let X be a normal irreducible variety and let L be a line 
bundle on X. Let U d X be an open subset of X such that dim(X \ C/) < 
dimX — 2. Let s G r{U,L) be a section of L over U. Then s extends to a 
section of L over X. 
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We apply this theorem where 

Thus it suffices to check that s extends to a section of L(A) over X^.^^ for 
each i. 

Fix i e I. Consider Y := X° U X° ... Recall that we have a root SL2 
subgroup *i : SL2 —>■ G. Note that ^i{N) (which is the same thing as iVg.) 
stabilizes SiWQ. This allows us to define a map 

Pi = SL2/B ^ y, by [g] ^ tP{g)woSi 

The image of P-^ under this map (which we will denote by Fj) is precisely 
the stabilizer for the action of N^u,^^s. on Y. 

Since X°,„ is an orbit of N and X^^^. is an orbit of N^^si, we see that 
there is an isomorphism of varieties 

7Vxjv.,pi^y 

given by [n, a] 1— > na. 

Now, we have our line bundle L{X) on Y and our X-invariant section s 
over X^^. We can restrict the line bundle L{\) to P| and restrict our section 
s to Pj \ 00. By the equi variance and the above isomorphism, it suffices to 
check that s extends over 00 in P^. 

The restriction of L{X) to Fj is S'L2-equivariant (via ^'j) and thus is 
determined by the action of the Borel B C SL2 on the fibre over woSi. By 
Lemma 6.39, C B acts on the fibre by the weight 

{ai,-{woSi)~'^X) = -(ay,A*), 

since ^'|cx is given by the coweight a^. Since A* is dominant, — (a^. A*) < 
and thus L(A)Li is the line bundle 0{k) for some k > 0. Since slpi^o is 

i 

N invariant (for N C SL2), this section extends by the SL2 version of this 
theorem, proved above. Thus s extends over all of Y and so the result 
follows. □ 

7 The Weyl character formula 

Now that we have defined the irreducible representations ^^(A), the next 
step is to discuss their characters. Our first main result in this direction is 
the Weyl character formula. 
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7.1 The formula 

There are a few equivalent ways to formulate the Weyl character formula. 
Let xa denote the character of V{X). Define p = | J2a£R+ ^ *° t)e half the 
sum of the positive roots. 

Theorem 7.1. 

weW iiaG-R+ 

Here , ^ ^ is an infinite sum which is equal to the character of 

Symn* = 0{N), which entered our story earlier. 

Let WCFx denote the right hand side of the Weyl character formula. 
We can rewrite WCFx as 

WCFx = J2 {-ly^'^'^e'^^^+P'^-f E kpf(/x)e-'' (3) 

which "converges" in the sense that for any u the coefficient of e'^ is given 
by a finite sum over the Weyl group. 

It is not immediately clear that this expression is T^-invariant however. 
To see this, we use the following lemma. 

Lemma 7.2. 

aeR+ 

transforms by (—!)'("') under the action of w. 
Proof. We can write 

eP J] i-e-"= n e"/' n " 
= n 

aeR+ 



ga/2 _ g-a/2 



If w eW, we see that 

and so the result follows. □ 
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From the Lemma, we deduce the following corollaries. 

Corollary 7.3. (i) WCFx is Weyl invariant. 

(a) WCFx is supported on the convex hull ofWX and the coefficient of 
is 1. In other words, we have 



WCFx = mx+ 



for some ax^ G Z. 

(Hi) 

aeR+ wew 

Proof. (i) Since WCFx is the ratio of two expressions which both trans- 
form by (—!)'("') under a Weyl group element w, we see that WCFx 
is Weyl-invariant. 

(ii) Prom (i), WCFx can be written as a sum of the monomial symmetric 
functions m^, where fj, ranges over From (3), we see that the 
coeflfiecient of in WCFx is 1 and that the coefHecient of e'^ is 0, 
unless fi < X. The result follows. 

(iii) By definition WCFq is the ratio of the left hand side and the right 
hand side. However, by (ii), WCFq = 1. 

□ 

Using part (iii) of the above corollary, we can rewrite the Weyl character 
formula as 

There are various different proofs of the Weyl character formula. We 
will give some details about a few of them. 

7.2 Compact groups proof 

Recall that we defined the inner product (, ) on the space C°°{K) of complex- 
valued smooth functions on a compact group K by 



(/i,/2)= / fif2dg 
Jk 
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If V, W were irreducible representations of a compact group K, then 
we saw that their characters xy, xw were orthonormal with respect to this 
inner product. We also saw that since XV^XW were class functions, they 
were completely determined by their restriction to the maximal compact 
T G K. However, we did not previously study the relationship between the 
inner product and the restriction to T. This relationship follows from the 
Weyl integration formula. 

Theorem 7.4. Let f be a class function on K. Then 

Proof. We give a sketch of the proof. 
Define a map 

TT : T X K/T K, {t, [k]) ^ ktk'^ 
Note that tt is generically a : 1 cover, so 

where 7r*(/) denotes the pullback of / to T x if/T, and Tr*{dg) denotes the 
pullback of the top form dg to T x K/T. 

Since / is a class function, 7r*(/) is just the function on T x K/T which 
is the restriction of / to T (and constant along the K/T factor). Similarly 
Tr*{dg) is constant along the K/T factor. In fact at a point {t, [k]), 

T^*{dg) = det{T^i]Tr) dtd[k], 

where 

T^^7T:TtT®Ti^K/T ^TtK 

To compute this determinant, let us identify T^T with t and TtK with i by 
left multiplication. Then we have 

rt,[ii7r:t©e/t^« 

and it makes sense to talk about its determinant as a number, since it is a 

map det(t) = dct(t) ® dct(t/t) ^ dct(fi). 

Now, to understand ^iji], wc let X € t and 1" € 6/t and compute 

TT{t + etX, 1 + £y) = (1 + eY){t + etX){l -eY) = t + et{X + Y - t-^Yt) 
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and thus 

Tt^^^^Ti{X,Y) = X + Y -r^Yt 

To compute det(rj [^jvr), we complexify t to g and then with respect to the 
decomposition g = tc © (n © n_), 7* [ijtt is given by the matrix 

I 
I-adt 

where adt denotes the adjoint action of t on g. Thus we conclude that 
det(rt,[i]7r) = J] det(l - a{t)) 

aeR 

which gives the desired result. □ 

Motivated by this theorem, we introduce an inner product {,)k on the 
T^-invariant smooth functions on T by 



{fij2)K = I^fif2lll-e''dt 



and we note that by the above reasoning, {xx, Xn) = 

Proposition 7.5. The characters xx of the irreducible representations are 
uniquely determined by the following facts. 

(i) X\ = 'mx + T,^<x "Am for ax,j. e Z. 

(ii) {xa} forms an orthonormal set with respect to {,)k- 

Proof. This follows from the Gram-Schmidt process applied to {m\}\^x+- 

□ 

Thus in order to prove the Weyl character formula, it suffices to prove 
the following result. 

Lemma 7.6. The set {WCFx}xex+ forms an orthonormal set with respect 
to (, )k- In other words, {WCFx, WCF^)k = 

Proof. We apply the Weyl integration formula to get 

{WCFx, WCF^,)k = tL I WCFxWCF^ TT 1 - e^di 
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Since 1 — e" = l — e the "extra factor" coming from the Weyl integration 
formula cancels the denominators in WCFx and WCF^ and we deduce that 

' ' '''^ w&w w'ew 
= J_ ^(_iy(«')+K«'')^e"'(A+p)-p^g«''(M+p)-p^y 

Now, we use the fact that the are the characters of the irreducible rep- 
resentation of T and hence they form an orthonormal basis with respect to 
{,)t- Hence we see that 

{WCF,,WCF,)k = ^ E(-1)'^"'^^'^"''^^-(A+P),-'(M+P) 

w,w' 

Suppose that w(X + p) = w'{fi + p) for some w, w'. Since X + p and /U + /> are 
both dominant, wc see that this forces X = p,. Also since A + p is dominant 
regular (i.e. (q^, A) > for all a € R+), it has no stabilizer in W and thus 



w = w' . 



Hence we deduce that {WCFx, WCFh)k = 1 if A = and is otherwise. 

□ 



7.3 Topological proof 

For this proof, we will first need an extension of the Borel-Weil theorem. 
If L is a line bundle on a complex projective variety X, in addition to 
the space of sections T{X,L), we also have the higher cohomology groups 
H^{X, L) for z = 1, . . . , dimX. These are defined as the derived functor of 
the global sections functor and they measure the failure of local sections to 
glue together to form global sections. We have L) = r{X, L). 

Bott's extension of the Borel-Weil theorem is the following result. 

Theorem 7.7. Let X he a dominant weight. Then W{G/B,L{X)) = for 
i > 0. 

This is quite useful, since information about higher cohomology groups 
is often useful, in particular, it is useful in the following result, called the 
Atiyah-Bott fixed point theorem. 

Theorem 7.8. Let X be a smooth complex projective variety and let L be 
a line bundle on X. Let f : X ^ X be an automorphism of X with finitely 
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many fixed points . Assume that there is a lift of f to L and choose such 
a lift. Then 

(-l)Hr(/|^.(^,^)) = ^ di(r%kf) 

i=o xexf ^ ' 

where T^f : T^X T^X is the derivative of f at x E X. 

This theorem is very powerful since it relates global information about 
the action of / on H^{X, L) to local information at each fixed point. 
We will now apply these results to prove the Weyl character formula. 

Proof. Let A be a dominant weight. By the Borel-Weil theorem and Bott's 
extension, we have that {G / B , L{\))* = V{X) and H'{G/B,L{\)) = if 
i > 0. 

Choose t ^ T such that the t-fixed points are the same as the T-fixed 
points, which are the elements of the Weyl group by Lemma 6.2. Applying 
the Atiyah-Bott fixed point theorem gives us that 



tr(*lnA)*) = 5Z 



tr(i|L(A), 



det(l - T^t) 

We know from Lemma 6.39 that the action of t on L{X)y, is by the scalar 
{-w-^\){t) = {w-^X){t-^). 

To understand det(l — T^t), let us note that we have a natural iden- 
tification TyjG/B = Q/wbw"^, since wBw"^ is the stabilizer of w in G. 
Since 

= tc ffi ^0a, and wbw;"^ = tc © ^ 0a 
there is a T-equivariant isomorphism 

Hence we see that 

det(l - Tyjt) = Yl 1 - = n ^ ~ 

Note that iT{t\Y(^x)) = tr(t~^|y(;^)*). Putting this all together and replac- 
ing w with w~^, we see that 

tr(*lv,.,) = E 



wew 
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The RHS is almost the Weyl character formula. We just need to massage 
the denominator a little bit. 

Take a G w'^^R+w n Then 



a{t) 



-1 



1 - a{t) 1 - 

Hence 



Finally note that 'Yliaew-'^R+wnR+ ~^ ~ ~ Pi which completes the proof. 
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